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ABSTRACT 

We propose a background-independent formulation of cosmic inflation. The inflation in this pic¬ 
ture corresponds to a dynamical process to generate space and time while the conventional inflation is 
simply an (exponential) expansion of a preexisting spacetime owing to the vacuum energy carried by 
an inflaton field. We observe that the cosmic inflation is triggered by the condensate of Planck energy 
into vacuum responsible for the dynamical emergence of spacetime and must be a single event accord¬ 
ing to the exclusion principle of noncommutative spacetime caused by the Planck energy condensate 
in vacuum. The emergent spacetime picture admits a background-independent formulation so that the 
inflation can be described by a conformal Hamiltonian system characterized by an exponential phase 
space expansion without introducing any inflaton field as well as an ad hoc inflation potential. This 
implies that the emergent spacetime may incapacitate all the rationales to introduce the multiverse 
hypothesis. In Part I we will focus on the physical foundation of cosmic inflation from the emergent 
spacetime picture to highlight the main idea. Its mathematical exposition will be addressed in Part II. 
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1 Introduction 


History is a mirror to the future. If we do not learn from the mistakes of history, we are doomed to 
repeat them 0 In the middle of the 19th century, Maxwell’s equations for electromagnetic phenomena 
predicted the existence of an absolute speed, c = 2.998 x 10 8 m/sec, which apparently contradicted the 
Galilean relativity, a cornerstone on which the Newtonian model of space and time rested. Since most 
physicists, by then, had developed deep trust in the Newtonian model, they concluded that Maxwell’s 
equations can only hold in a specific reference frame, called the ether. However, by doing so, they 
reverted back to the Aristotelian view that Nature specifies an absolute rest frame. It was Einstein to 
realize the true implication of this quandary: It was asking us to abolish Newton’s absolute time as 
well as absolute space. The ether was removed by the Einstein’s special relativity by radically modi¬ 
fying the concept of space and time in the Newtonian dynamics. Time lost its absolute standing and 
the notion of absolute simultaneity was physically untenable. Only the four-dimensional spacetime 
has an absolute meaning. The new paradigm of spacetime has completely changed the Newtonian 
world with dramatic consequences. 

The physics of the last century had devoted to the study of two pillars: general relativity and 
quantum field theory. And the two cornerstones of modern physics can be merged into beautiful 
equations, the so-called Einstein equations given by 

R^u - ^g^R = 87 tGnT^, (l.l) 

where the right-hand side is the energy-momentum tensor whose contents are described by (quantum) 
field theories. Although the revolutionary theories of relativity and quantum mechanics have utterly 
changed the way we think about Nature and the Universe, new open problems have emerged which 
have not been resolved yet within the paradigm of the 20th century physics. For example, a short list of 
them is the cosmological constant problem, the hierarchy problem, dark energy, dark matter, cosmic 
inflation and quantum gravity. In particular, recent developments in cosmology, particle physics and 
string theory have led to a radical proposal that there could be an ensemble of universes that might be 
completely disconnected from ours 0]]. Of course, it would be perverse to claim that nothing exists 
beyond the horizon of our observable universe. The observable universe is one causal patch of a much 
larger unobservable universe. However, a painful direction is to use the string landscape or multiverse 
to explain some notorious problems in theoretical physics based on the anthropic argument (2]]. “And 
it’s pretty unsatisfactory to use the multiverse hypothesis to explain only things we don’t understand .’£| 
Taking history as a mirror, this situation is very reminiscent of the hypothetical luminiferous ether in 
the late 19th century. Looking forward to the future, we may need another turn of the spacetime 
picture to defend the integrity of physics. 

'George Santayana (1863-1952). 

2 Graham Ross in Quanta magazine “At multiverse impasse, a new theory of scale” (August 18, 2014) and Wired.com 
“Radical new theory could kill the multiverse hypothesis.” 
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In physical cosmology, cosmic inflation is the exponential expansion of space in the early universe. 
Suppose that spacetime evolution is determined by a single scale factor a(f) and its Hubble expansion 
rate H = - according to the cosmological principle and driven by the dynamics of a scalar field 0, 
called the inflaton [|3] 0. Then the Einstein equation (11.11) reduces to the Friedmann equation 


H 2 = 



The evolution equation of the inflaton in the Friedmann universe is described by 


( 1 . 2 ) 


• 5V 

0 + 3Hcf> H—— = 0. 
o<p 


(1-3) 


The Friedmann equation (11.21) tells us that in the early universe with V (0) ~ V 0 and © ~ 0, there was 
an inflationary epoch of the exponential expansion of space, i.e., a(f) oc e Ht where H = 0 is 

called the inflationary Hubble constant. In order to successfully fit to data, one finds [|3l0 


V 0 > (2 x 10 16 GeV) 4 « (KT 2 Af P ) 4 


(1.4) 


where Mp = 1 /is the Planck mass. 

Fet us contemplate the inflationary scenario with a critical eye. According to this scenario 010, 
inflation is described by the exponential expansion of the universe in a supercooled false vacuum 
state that is a metastable state without any fields or particles but with a large energy density. It should 
be emphasized that the inflation scenario so far has been formulated in the context of effective field 
theory coupled to general relativity. Thus, in this scenario, the existence of space and time is a priori 
assumed from the beginning although the evolution of spacetime is determined by Eq. (11.11) . In other 
words, the inflationary scenario does not describe any generation (or creation) of spacetime but simply 
characterizes an expansion of a preexisting spacetime. It never addresses the (dynamical) origin of 
spacetime. However, there has to be a definite beginning to an inflationary universe [j5]. This means 
that the inflation is incomplete to describe the very beginning of our universe and some new physics 
is needed to probe the past boundary of the inflating regions. One possibility is that there must have 
been some sort of quantum creation event as a beginning of the universe 10. 

The Friedmann equation (11.21) shows that the cosmic inflation is triggered by the potential energy 
carried by an inflaton whose energy scale is near the Planck energy over which quantum gravity effects 
become strong and effective field theory description may be broken down. Although an inflating false 
vacuum is metastable, essentially all models of inflation lead to eternal inflation to the future since 
expansion rate is much greater than decay rate [0. Once inflation starts, it never stops. If one identifies 
the slowly varying inflaton field 0(f) with a particle trajectory x{t) = 0(f) and 0(f) with its velocity 
v(t ) = x(t), the evolution equation (11.31) tells us that the frictional force, 3 Hv(t), caused by the 
inflating spacetime is (almost) balanced with an external force F(x) = — i.e., 

Hi) ~ ( 1 - 5 ) 
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because x ~ 0 during inflation. This implies that the cosmic inflation as a dynamical system corre¬ 
sponds to a non-Hamiltonian system^) 

Recent developments in string theory have revealed a remarkable and radical new picture about 
gravity. For example, the AdS/CFT correspondence illustrates a surprising picture that U(N) gauge 
theory in lower dimensions defines a nonperturbative formulation of quantum gravity in higher di¬ 
mensions m ■ In particular, the AdS/CFT duality shows a typical example of emergent gravity and 
emergent space because gravity in higher dimensions is defined by a gravityless field theory in lower 
dimensions. Now we have many examples from string theory in which spacetime is not fundamental 
but only emerges as a large distance, classical approximation [[SI. Therefore, the rule of the game in 
quantum gravity is that space and time are an emergent concept. Since the emergent spacetime, we 
believe, is a significant new paradigm for quantum gravity, we want to apply the emergent spacetime 
picture to cosmic inflation. We will propose a background-independent formulation of the cosmic 



inflationo This means that we do not assume the prior existence of spacetime but define a spacetime 
structure as a solution of an underlying background-independent theory such as matrix models. The 
inflation in this picture corresponds to a dynamical process to generate space and time which is very 
different from the standard inflation simply describing an (exponential) expansion of a preexisting 
spacetime. It turns out that spacetime is emergent from the Planck energy condensate in vacuum that 
generates an extremely large Universe. Our observable patch within cosmic horizon is a very tiny 
part ~ Hr 60 of the entire spacetime. Originally the multiverse hypothesis has been motivated by 
an attempt to explain the anthropic fine-tuning such as the cosmological constant problem fl9| and 
boosted by the chaotic and eternal inflation scenarios Ell] and the string landscape derived from the 
Kaluza-Klein compactification of string theory iflOUTTI . which are all based on the traditional space- 
time picture. Since emergent spacetime is radically different from any previous physical theories, 
all of which describe what happens in a given spacetime, the multiverse picture must be reexamined 
from the standpoint of emergent spacetime. The cosmic inflation from the emergent spacetime pic¬ 
ture will certainly open a new prospect that may cripple all the rationales to introduce the multiverse 


hypothesis. 


Since the concept of the multiverse raises deep conceptual issues even to require to change our 
view of science itself [0, it should be important to ponder on the real status of the multiverse whether 
it is simply a mirage developed from an incomplete physics like the ether in the late 19th century or it 
is of vital importance even in more complete theories. The main purpose of this paper is to illuminate 
how the emergent spacetime picture brings about radical changes of physics, especially, regarding to 
physical cosmology. In particular, a background-independent theory such as matrix models provides a 

Nonetheless, the friction term does not lead to dissipative energy production. This fact can be seen by observing that 
Eq. (11.3b can be derived from the first law of thermodynamics, dE + pdV = Vdp + (p + p)dV = 0, where p + p = (p 2 



4 Here we refer to a background-independent theory in which any spacetime structure is not a priori assumed but 
defined by the theory. 
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concrete realization of the idea of emergent spacetime which has a sufficiently elegant and explanatory 
power to defend the integrity of physics against the multiverse hypothesis. The emergent spacetime 
is a completely new paradigm so that the multiverse debate in physics circles has to seriously take it 
into account. 

This is the first installment of a series of papers whose aim is to propose the cosmic inflation from 
emergent spacetime picture. In Part I we will focus on the physical motivation and argumentation to 
highlight the main idea, deferring the mathematical exposition to Part II. The Part II is intended to 
be self-contained as much as possible and mathematical backgrounds underlying our arguments will 
also be briefly reviewed in two Appendices. The Part I is organized as follows. 

In Sec. 2, we explain the physical picture depicted in Figs. Q] and [H whose mathematical ex¬ 
position will be addressed in Part II. The background-independent formulation of emergent gravity 
crucially relies on the fact that noncommutative (NC) space arises as a solution of a large N matrix 
model in the Coulomb branch and this vacuum on the Coulomb branch admits a separable Hilbert 
space as quantum mechanics [fT2l . The gravitational metric is derived from a nontrivial inner auto¬ 
morphism of the NC algebra Ae, in which the NC nature is essential to realize the emergent gravity 
mmmm. See also closely related works ifTTHTS , T9] [20ll . An important point is that the ma¬ 
trix model does not presuppose any spacetime background on which fundamental processes develop. 
Rather the background-independent theory provides a mechanism of spacetime generation such that 
any spacetime structure including the flat spacetime arises as a solution of the theory itself Ifl5l . 

In Sec. 3, we observe that the NC spacetime is caused by the Planck energy condensate responsible 
for the generation of spacetime and results in an extremely large spacetime. We demonstrate why the 
emergent gravity clearly resolves the notorious cosmological constant problem |[T3l IT41 . A principal 
reason is that the huge vacuum energy being a perplexing cosmological constant in general relativity 
was simply used to generate flat spacetime and thus does not gravitate. The emergent gravity is in 
stark contrast to general relativity since it does not allow the coupling of the cosmological constant 
1213. We note that the Planck energy condensate into vacuum must be a dynamical process and 
show that the cosmic inflation arises as a solution of a time-dependent matrix model, describing the 
dynamical process of the vacuum condensate. It turns out that the cosmic inflation corresponds to the 
dynamical mechanism for the instantaneous condensation of vacuum energy to enormously spread 
out spacetime. It is remarkable to see that the inflation can be described by time-dependent matrices 
only without introducing any inflaton field as well as an ad hoc inflation potential. Our work is not the 
first to address physical cosmology using matrix models. There have been interesting earlier attempts 
1221 . In particular, the cosmic inflation was addressed in very interesting works If23l using the Monte 
Carlo analysis of the type IIB matrix model in Lorentzian signature and it was found that three out 
of nine spatial directions start to expand at some critical time after which exactly (3+l)-dimensions 
dynamically become macroscopic. 

In Sec. 4, we discuss why the emergent spacetime picture may incapacitate all the rationales to 
introduce the multiverse hypothesis. Since the emergent spacetime picture is radically different from 
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the conventional picture in general relativity so that they are exclusive and irreconcilable each other, 
we reconsider main sources to introduce the multiverse hypothesis from the standpoint of emergent 
spacetime: (A) cosmological constant problem, (B) chaotic and eternal inflation scenarios, (C) string 
landscape. We argue |[24l that the emergent spacetime certainly opens a new perspective that may 
cripple all the rationales to introduce the multiverse hypothesis. 


2 Emergent spacetime from large N duality 

String theory is defined by replacing particles (point-like objects) with strings (one-dimensional ob¬ 
jects). In order to do this, we need to introduce a new constant a' whose physical dimension is 
(length) 2 . It is well-known that the new constant a! introduces a new duality depicted by R —> 
R' = This is known as the T-duality in string theory ll25l . but it is not possible in particle the¬ 
ories ( a ' = 0). It is important to notice that a new physical constant such as h and a' introduces a 
deformation of some structure in a physical theory lfl3l |T4]. For instance, the Planck constant h in 
quantum mechanics carries the physical dimension [ h ] = (length) x (momentum) and so it deforms 
the algebraic structure of particle phase space from commutative to NC space, i.e., 

xp — px = 0 xp — px = ih. (2.1) 

An educated reasoning motivated by the fact that [a'] = (length) x (length) leads to a natural spec¬ 
ulation that a' brings about the deformation of the algebraic structure of spacetime itself such that 

xy — yx = 0 xy — yx = iol . (2.2) 

From the deformation theory point of view, replacing particles with strings is equivalent to the tran¬ 
sition from commutative space to NC space. This may be supported by the fact that the NC space 
(12.21) defines only a minimal area whereas the concept of point is doomed as if h in quantum me¬ 
chanics introduces a minimal area in the NC phase space (12.11) . The minimal surface in the NC space 
(12.21) acts as a basic building block of string theory and behaves like the smallest units of spacetime 
blob. Remarkably the deformation (12.21) provides us an important clue for a background-independent 
formulation of string theory as will be discussed in Part II. 

It turns out lfT51l that the NC space (12.21) denoted by R 2 , is much more radical and mysterious 
than we thought. In order to understand NC spacetime correctly, we need to deactivate the thought 
patterns that we have installed in our brains and taken for granted for so many years. The reason is 
the following. As we have learned from quantum mechanics, the NC phase space (12.11) introduces 
the wave-particle duality. Indeed the NC space (12.21) also brings about a radical change of physics 
since the NC nature of spacetime is responsible for a new kind of duality, known as the gauge-gravity 
duality. The underlying mathematical principle is the well-known duality between geometry and 
algebra. A primary cause of the radical change of physics in quantum mechanics is that the NC phase 
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space (12.11) introduces a complex vector space called the Hilbert space ll26l . This is also true for 
the NC space (12.21) since its mathematical structure is essentially the same as quantum mechanics. 
Similarly to quantum mechanics, the NC space R^, also admits a nontrivial inner automorphism. For 
example, for an arbitrary NC field f(x, y ), we have the relation given by 

f(x + a,y) = U(a)*f{x,y)U{a), f(x, y + b) = U(b) ] f(x, y)U{b) (2.3) 

where U(a ) = exp(— l -^f) and U(b ) = exp(^). Thus a striking feature of the NC space is that 
every points are unitarily equivalent because translations in E", are simply a unitary transformation 
acting on the Hilbert space H. This means that the concept of space is doomed and the classical 
space is replaced by a state in the Hilbert space H. This fact leads to an important picture that 
classical spacetime is somehow a derived concept and a NC algebra and its Hilbert space play a more 
fundamental role. In other words, NC spacetime necessarily implies emergent spacetime if spacetime 
at microscopic scales should be viewed as NC and any dynamical variable defined on R^, becomes an 
operator acting on the Hilbert space H. In particular, any NC field can be regarded as a linear operator 
acting on the Hilbert space. Note that the NC space (12.21) is equivalent to the Heisenberg algebra of 
harmonic oscillator, i.e. [a, a 1 ) = 1, if the annihilation operator is defined by a = -=(.i; + iy). Thus 
the Hilbert space for R^, is the Fock space and has a countable basis. Therefore the representation 
of NC fields on the Hilbert space H is given by N x N matrices where N = dim('H) — > oo. 
Consequently, the NC space (12.21) leads to an interesting equivalence between a lower-dimensional 
large N gauge theory and a higher-dimensional NC (7(1) gauge theory jT5l . 

To be specific, let us consider a 2n-dimensional NC space denoted by R| n whose coordinate 
generators obey the commutation relation 

\y a ,y b ]=i6 ab , a ,b = 1, ■ ■ ■ , 2n, (2.4) 

where (9) ab = a'(l n <g) io 2 ) is a 2n x 2 n constant symplectic matrix and l s = \fa! is a typical length 
scale set by the vacuum. The NC space R^, corresponds to the n — 1 case. Let us denote the NC 
x-algebra generated by Mjf' by Aq. Similarly to the n = 1 case, the NC space (12.41) is equivalent to 
the Heisenberg algebra of n-dimensional harmonic oscillator. Hence the underlying Hilbert space on 
which Aq acts is given by the Fock space defined by 

7-L = {|n) = |ni, ■■■ ,n n )\rii e Z> 0 , i = 1, • • • ,n}, (2.5) 

which is orthonormal, i.e., (n\m) = 5a,m and complete, i.e., \n){n\ = In, as is well-known 

from quantum mechanics. Since the Fock space (12.51) has a countable basis, it is convenient to in¬ 
troduce a one-dimensional basis using the “Cantor diagonal method” to put the n-dimensional non¬ 
negative integer lattice in H into one-to-one correspondence with the natural numbers: 

Z> 0 -H- N : |n) -H- |n), n — 1, ■ • • , N —> oo. (2.6) 
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NC (7(1) gauge theory on 1,1 x 



Matrix representation^/^^ 


Inner derivation 

U(N —* oo) Yang-Mills gauge theory on M d_1,1 


Quantized frame bundle 

Large Y dualily 


Classical limit 


D = d + 2n-dimensional Einstein gravity 



Figure 1: Flowchart for emergent gravity 


In this one-dimensional basis, the completeness relation of the Fock space (12.51) is now given by 
Y1^A\ \ n )( n \ — 1 u- Since NC fields in Ae are linear operators acting on the Fock space V., the 
representation of the NC fields in Ae is given by N x N matrices in End (77) = An where N = 
dim(77) — > oo. Here we have denoted the set of N x N matrices in End (77) by An- In the one¬ 
dimensional basis (12.61) . the trace over Ae can also be transformed into the trace over N x N matrices 
in An, he., 


d 2r 


y 


J M (27T)"|Pf0| TlH TlN • (2-7) 

Using the matrix representation, one can show lfl3l[27l 28ll29l that the I) = (d + 2n )-dimensional 


NC (7( 1) gauge theory on 
Mills theory on 


od-1,1 


X 




is exactly mapped to the d-dimensional U(N —> oo) Yang- 


s = -A- J d D Y\(F AB - B AB f 

= -4- J cfVTr(i+ i - i[0„, A,] 2 ) 

where G\- M = (27r) n |Pf(%y M and 


Bab 


0 0 \ 

0 B ah J ' 


( 2 . 8 ) 

(2.9) 


We emphasize that the equivalence between the D-dimensional NC (7(1) gauge theory (12.81) and 
d-dimensional U(N —> oo) Yang-Mill theory (12.91) is not a dimensional reduction but an exact math- 
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ematical identity. A remarkable point is that the large N gauge theories described by the action (12.91) 
arise as a nonperturbative formulation of string/M theories [f30fl . For instance, we get the IKKT matrix 
model for d = 0 m, the BFSS matrix quantum mechanics for d = 1 lf33ll and the matrix string theory 
for d = 2 If34l . The most interesting case arises for d = 4 and n — 3 which suggests an engrossing 
duality [|T2| that the 10-dimensional NC U (1) gauge theory on M 3,1 x H0 is equivalent to the bosonic 
action of 4-dimensional J\f = 4 supersymmetric U ( N) Yang-Mills theory, which is the large N gauge 
theory of the AdS/CFT duality (7|. According to the large N duality or gauge-gravity duality, the 
resulting large N gauge theory must be dual to a higher dimensional gravity or string theory as sum¬ 
marized in Fig. [0 Hence it should not be surprising that the NC U (1) gauge theory should describe 
a theory of gravity (or a string theory) in the same dimensions. In spite of the apparent relationship 
depicted in Fig. [0 this important possibility unfortunately has been largely ignored until recently. 

The blue arrows on the right-hand side of Fig. Q] show how to derive D-dimensional Einstein 
gravity from NC (7(1) gauge theory on which should be expected if we accept the 

conjectural large N duality. However we can use the emergent gravity from NC U (1) gauge theory to 
verify the conjectural large N duality by realizing the equivalence between the actions (12.81) and (12.91) 
in a reverse way. It is based on the observation IIT2HT5 1 that there are two different kinds of vacua in 
Coulomb branch if we consider the N —> oo limit and the NC space (12.41) arises as a vacuum solution 
of the d-dimensional U(N —> oo) Yang-Mills theory (12.91) in the Coulomb branch. See Fig. O The 
conventional choice of vacuum in the Coulomb branch of U(N) Yang-Mills theory is given by 

[0a,00|vac = 0 =>■ (0a)vac = diag((« a )i, (« a ) 2 , • • • , (a a ) N ) (2.10) 

for a = 1, • • • , 2 n. In this case the U(N) gauge symmetry is broken to U(1) N . If we consider the 
N —y oo limit, the large N limit opens a new phase of the Coulomb branch given by 

[0a)0fe]|vac ^ (0a)vac Pa = B a bU (2.11) 

where B a b = (0^ ] ) n h and the vacuum moduli y° satisfy the Moyal-Heisenberg algebra (12.41) . This 
vacuum will be called the NC Coulomb branch. Note that the Moyal-Heisenberg vacuum (12.1 II) 
saves the NC nature of matrices while the conventional vacuum (12.101) dismisses the property. 
Suppose that fluctuations around the vacuum (12.1 II) take the form 

D^, = dfj, — iA^x, y), (f> a = p a + A a (x,y). (2.12) 

We denote the NC x-algebra on 10 -1 ’ 1 x Mg n by Aq = «46i(C' 00 (R <i_1 ’ 1 )) = C' 00 (M d-1 ’ 1 ) <g) Ae- The 

adjoint scalar fields in Eq. (12.121) now obey the deformed algebra given by 

[0a, 0&] = —i(B a b — F ab ) G Aq, (2.13) 

where 

F ab = d a A b - d b A a - i[A a , A b \ (2.14) 
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U(N —> oo) Yang-Mills gauge theory on 1,1 


NC Coulomb branch^^^^^ 


Large N duality 

NC (7(1) gauge theory on R d_1,1 x 


D = d + 272-dimensional Einstein gravity 

Inner derivaiion ^ 


y' Classical limit 


Differential operators 

as quantized frame bundle 



Figure 2: Flowchart for large N duality 


with the definition d a = ad Pa = -i\p a ,-]. Plugging the fluctuations in Eq. (12.121) into the d- 
dimensional U(N —>■ oo) Yang-Mills theory (12.91) . we finally get the D = (d + 2n )-dimensional 
NC U (1) gauge theory. Thus we arrive at the reversed version of the equivalence lfT2llT5l : 


S = 


9ym 


d d xTr(^F^F^ + l -D^ a D^ a - 0 b ] 2 ) 


r<2 
^YM 


d D Y-(F AB -B AB )\ 


(2.15) 


where A a (x, y ) = (7l p , A a ){x, y) are D = (d + 2n )-dimensional NC U (1) gauge fields. It might be 
remarked that the NC space (12.1 II) is a consistent vacuum solution of the action (12.91 ) and the crux 
to realize the equivalence (12.151) . If the conventional commutative vacuum (12.101) were chosen, we 
would have failed to realize the equivalence (12.151) . Indeed it turns out Ifl2l that the NC Coulomb 
branch is crucial to realize the emergent gravity from matrix models or large N gauge theories as 
depicted in Fig. [2j 

Some remarks are in order. The relationship between a lower-dimensional large N gauge theory 
and a higher-dimensional NC 17(1) gauge theory in Figs. Q] and [2] is an exact mathematical identity. 
The identity in Fig. Q]is derived from the fact that the NC space (12.41) admits a separable Hilbert space 
and NC (7(1) gauge fields become operators acting on the Hilbert space. The identity in Fig. [2] is 
based on the fundamental fact that the NC space (12.41) is a consistent vacuum solution of a large N 
gauge theory in the Coulomb branch and more general solutions are generated by all possible (on- 
shell) deformations of the vacuum. This means that there exists an isomorphic map from the NC U (1) 
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gauge theory to the Einstein gravity which completes the large N duality. To be precise, consider the 
inverse metric in Einstein gravity given by 

(—)' = E a ®E a = g MN (X)d M ® d N , (2.16) 

where E A = E^(X)3m are orthonormal frames on the tangent bundle TM. of a D-dimensional 
spacetime manifold AT The large N (or gauge-gravity) duality in Figs. [Hand [2] can be achieved by 
realizing the vector fields E A = E^(X)d M G T(TM) in terms of NC (7(1) gauge fields. 

A decisive clue is coming from the fact that the NC ^-algebra Aq generated by the Moyal- 
Heisenberg algebra (12.41) always admits a nontrivial inner automorphism 3 as was already illustrated 
in Eq. (12.31) for the n — 1 case. In general, for any dynamical variable ( 3(x, y ) G A^, one has the 
relation 

8(x, y + d) = U(d)*$(x, y)U(d), U{d ) = e iPada e 3. (2.17) 

In the presence of NC (7(1) gauge fields A A (x : y) = (A M , A a )(x,y) which appear in the form of 
background-independent variables (j) A (x, y) = (z/7 /; . <j) a )(x. y), one can covariantize the inner auto¬ 
morphism with (7(7) = e l(f,Ad,A G 3 by introducing open Wilson lines |[35l . See section 3.2 in Ifl3ll 
for more details. The infinitesimal generators of 3 form an inner derivation defined by the adjoint 
operation 

A d e ^ ® d : / ^ ad/ = -i[f, ■} (2.18) 

for any / G Aq. The module of derivations ® d is a direct sum of the submodules of horizontal and 
inner derivations [[361 : 

S d = Hor (A d e )®®{A d e ), (2.19) 

where horizontal derivation is locally generated by a vector field 

( 2 - 20 ) 

Definitely the derivation ® d is a Lie algebra homomorphism, i.e., 

ad [/i5] = i[ad/,ad s ] (2.21) 


for /, g G A d and their commutator [/, g\ G Aq. In particular, we are interested in the derivation 
algebra generated by the dynamical variables in Eq. (12.121) . It is defined by 


V A = {ad 0A = -i[<f>A, -]| 0A(x,y) = <j> a )(x, y) G Aq} G ®° 


( 2 . 22 ) 


In a large-distance limit, i.e. \6\ —> 0, one can expand the NC vector fields V A in Eq. (12.221) using 
the explicit form of the Moyal ^-product. The result takes the form 


d 


V A = Vi “ (x. y)-^ w + Y. V) 

p=2 


d 


d 


dy ai dy a p 


G D, 


(2.23) 
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where X M = (x 11 . y") are local coordinates on a D-dimensional emergent Lorentzian manifold M. 
and = 8 A . Thus the Taylor expansion of NC vector fields in D d generates an infinite tower of the 
so-called poly vector fields lfl31l . Note that the leading term gives rise to the ordinary vector fields that 
will be identified with a frame basis associated to the tangent bundle TXi of an emergent manifold 
M. It is important to perceive that the realization of emergent geometry through the derivation algebra 
in Eq. (12.221) is intrinsically local. Therefore it is necessary to consider patching or gluing together 
the local constructions to form a set of global quantities. We will assume that local coordinate patches 
have been consistently glued together to yield global (poly)vector fields. See Refs. 11371 for a global 
construction of NC ^-algebras and Ref. ITT3TI for the globalization of emergent geometry. It will also 
be recapitulated in Part II. Let us truncate the above polyvector fields to ordinary vector fields given 
by 

r\ 

X(M) = [V A = Vf(x,y)gj^\A,M = 0,1, • • • , D - l}. (2.24) 

The orthonormal vielbeins on TXi are then defined by the relation ll38ll 

V A = XE a g T(TM) (2.25) 

or on T*M 

v A = \~ 1 e A e r (T*M). (2.26) 

The conformal factor A G C°°(A4) is determined by the volume-preserving condition 

Cv A v t = (V-14 + (2 -d-2n)V A In A) i/ t = 0, VA = 0,1, • • • , D - 1, (2.27) 

where the invariant volume form on A4 is given by 

u t = d d x A v = A 2 d d x A v 1 A • • • A v 2n 

= X 2 ~ d ~ 2n u g (2.28) 

and u g = e° A • • • A e l) A is the D-dimensional Riemannian volume form. 

Define the structure equations of vector fields V A = A E A G T{TM) by 

[V A ,V B \ = -g AB c Vc. (2.29) 

Then the volume-preserving condition (12.271) can equivalently be written as [13] H4ll 

9ba B = V A In A 2 . (2.30) 

In the end, the Lorentzian metric on a D-dimensional spacetime manifold M. is given by lfT31 14llT5ll 

ds 2 = G MN (X)dX M ®dX N = e A ®e A 

= X 2 v A <g) v A = X 2 [r] tiu dx fl dx 1 ' + v^v^(dy b — A b )(dy c — A c )) (2.31) 
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where A b : = A b (x,y)dx fl . The above metric completely determines a .D-dimensional Lorentzian 
spacetime emergent from the NC U( 1) gauge fields described by the action (12.151) . Therefore the NC 
field theory representation of the d-dimensional large N gauge theory in the NC Coulomb branch 
provides a powerful machinery to identify gravitational variables dual to large N matrices. 

The prescription (12.251) implies that the metric gy = v A <g) v A determined by the gauge theory 
basis Va is in the same conformally equivalent class with the Einstein metric g E = e A <g) e A for 
the orthonormal frame Ea and thus the Weyl tensors are the same for both metrics. Hence this 
prescription is particularly useful for Ricci-flat manifolds lf38ll . However, for other cases such as 
conformally flat manifolds, the curvature tensors, i.e. Ricci tensors, determined by the metrics g v and 
g E are in general not the same. For the latter case, there exists a more natural prescription given by 

(V„ V a ) = A E a ) e Y{TM), (2.32) 

where an arbitrary positive function A is still determined by solving Eq. (12.301) . But the volume¬ 
preserving condition is replaced by 


Cy A u t = (V ■ Va + (2 - 2n)V A \nX)u t = 0, VA = 0,1, • • • , D - 1, (2.33) 

because u t = \ 2 ~ 2n v g is the invariant volume form in this case. With this prescription, the emergent 
metric is now given by 


ds 2 = rj fiu dx fl dx l/ + A 2 v%v“(dy b — A b )(dy c — A c ). (2.34) 

It is straightforward to see that the condition (12.331) reads as 

d,p + d a (pA;) = 0 & d b ( p v b ) = 0, (2.35) 

where p = A 2 detn^. Thus the new prescription can be implemented as before if there exists a solution 
A (x,y) obeying Eq. (12.351) . In particular, it provides a more convenient basis for a product man¬ 
ifold. For example, if NC (7(1) gauge fields show a factorized dependence given by A a (x, y) = 
(A m (x), A a (y)), we expect that such gauge fields will generate a product manifold of the form 
M d_1,1 x A i 2 n- This is the case for Eq. (12.321) since A = A (y) and A“ = 0 in this case, while 
Eq. (12.251) gives rise to a warped product metric. Later we will take the prescription (12.321) to describe 
the cosmic inflation in a comoving frame in which the inflationary metric takes the form 

ds 2 = —dt 2 + a(t) 2 dy ■ dy. (2.36) 

We have implicitly assumed that the dynamical variables in Eq. (12.221) satisfy the equations of 
motion derived from the action (12.151) . This means that the fluctuations in Eq. (12.121) must arise 
as a solution of NC (7(1) gauge theory defined by the action (12.151) . Using the relation between 
Aq and ’D' 1 , it is in principle possible to translate the equations of motion for NC gauge fields in 
the algebra Aq into some geometrical equations for poly vector fields in the derivation U' / whose 
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commutative limit corresponds to gravitational field equations for the metric (12.311) or (12.341) . This 
translation for the d = 0 case is relatively simple in lower dimensions as was done in lfT3l IT4l for 
D = 2,3,4 dimensions. Recently we also identified the Einstein’s equation for six-dimensional 
NC 17(1) gauge fields obeying the Hermitian Yang-Mills equations (39]. However the problem for 
general NC 17(1) gauge fields in higher dimensions may be nontrivial even in the classical limit. If 
we include higher spin fields in polyvector fields defined by Eq. (12.231) . the problem will be much 
more complicated. Nevertheless it should be important to determine the precise form of gravitational 
equations and their derivative corrections because the higher-order terms in Eq. (12.231) are interpreted 
as quantum corrections according to the emergent quantum gravity picture [fT4l IT5] . We hope to 
address this problem in the near future. 

In conclusion, the general large N duality depicted in Fig. [2]can be explained via the duality chain 

A% => A d g => (2.37) 

where A d N = *4.Ar(C' 00 (M d-1,1 )) = C' 00 (® d-1,1 ) <g) An- The dynamical variables in d-dimensional 
Yang-Mills gauge theory in Fig. [2]take values in A d N while those in D — (d + 2n) -dimensional NC 
17(1) gauge theory take values in A d e . These two NC algebras A d N and A d e are related to each other by 
considering the NC Coulomb branch for the algebra A d N . 

3 Cosmic inflation from time-dependent matrices 

From now on we will focus on the matrix quantum mechanics (MQM), i.e., the d — 1 case in Eq. 
(12.151) . to address the background-independent formulation of cosmic inflation. The underlying action 
in this case is given by 

S = ~2 f dtTl(^(D 0 (j) a ) 2 + i[0 a ,0b] 2 ) 

= 4 ^ 2 / dtrj AC r] BD Tv[(j) A ,(j) B ][(j)c,(l)D], (3.1) 

where 0 O = 7D 0 = i£ t + A 0 (t), <f> A (t) = (<f> 0 ,<l> a )(t) and tj ab = diag(-l, 1, • ■ ■ ,1), A,B = 

0,1, ■ ■ ■ ,2 n. With the notation of the symbol rj AB , it is easy to see that the matrix action (13.11) has a 
global automorphism given by 

0a — > <j>' A — A a b J> b + c A (3.2) 

if A a b is a rotation in S()(2n. 1) and c A are constants proportional to the identity matrix. It will be 
shown later that the global symmetry (13.21) is responsible for the Poincare symmetry of flat space- 
time emergent from a vacuum in the Coulomb branch of MQM and so will be called the Poincare 
automorphism. We remark that the time t in the action (13.11) is not a dynamical variable but a param¬ 
eter. The concept of emergent time will be defined in Part II by considering a one-parameter family 
of deformations of zero-dimensional matrices which is parameterized by the coordinate t. Then the 
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one-parameter family of deformations can be regarded as the time evolution of a dynamical system. 
A close analogy with quantum mechanics implies that the concept of emergent time is related to the 
time evolution of the dynamical system. In this context, the one-dimensional matrix model (13.11) can 
be interpreted as a Hamiltonian system of a zero-dimensional (e.g., IKKT) matrix model [|T5l . 

The equations of motion for the matrix action (13.11) are given by 

Dfya + [(j) b , [4> a , 4 > b ]] = 0, (3.3) 


which must be supplemented with the Gauss constraint 


[</> a , D 0 <j> a ] = 0. 


(3.4) 


In order to achieve the NC field theory representation for the action (12.151) . we have considered the 
NC Coulomb branch defined by 

(0a) vac Pa (3-5) 

where £ = (A 0 (t)) va c is a constant vacuum energy density and the vacuum moduli p a satisfy the 
commutation relation (12.1 II) . We emphasize that the NC Coulomb branch (13.51) is a consistent vacuum 
solution of MQM since it satisfies the equations of motion (j3.3[) as well as the Gauss constraint (13.41) . 
Since £ is proportional to the identity matrix, it plays no role in the temporal covariant derivative D 0 
and so it can be dropped without loss of generality. The notation (13.51) makes a merit of the emphasis 
that the temporal differential operator in 0 O must be regarded as a timelike background on an equal 
footing with the spatial vacuum moduli p a . Let us consider all possible deformations of the vacuum 
(13.51) and parameterize them as Eq. (12.121) . Plugging the fluctuations into the action (13.11) leads to the 
identity 


S = ~2 f dtTl(^(D 0 (j) a ) 2 + ^[0a,0fe] 2 ) 

= — 77 ^ — [ d 2n+1 yrj AC rj BD (F AB - B ab ){F cd - B CD ), ( 3 . 6 ) 

where Gy M (27r) n |Pff% 2 is the (2 n + 1)-dimensional gauge coupling constant. 

Let us contemplate how we have obtained the (2 n + 1)-dimensional emergent spacetime M. de¬ 
scribed by the Lorentzian metric (12.341) . At the outset, we have considered a background-independent 
theory in which any existence of spacetime is not assumed but defined by the theory itself. Of course, 
the background-independent theory does not mean that the physics is independent of the background. 
Background independence here means that, although a physical phenomenon occurs in a particular 
background with a specific initial condition, an underlying theory itself describing such a physical 
event should presuppose neither any kind of spacetime nor material backgrounds. Therefore the 
background itself should arise from a vacuum solution of the underlying theory. In particular, the 
background-independent theory has to make no distinction between geometry and matter since it has 
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no predetermined spacetime. We have defined a most primitive vacuum such that it generates a simple 
spacetime structure. General and more complicated spacetime structures are obtained by deforming 
the primitive vacuum in all possible ways. These deformations correspond to physical processes that 
happen upon a particular (spacetime) background. Hence they are regarded as a dynamical system. 
Motivated by a close analogy with quantum mechanics, we argue in Part II that the deformations of 
spacetime structure supported on a vacuum solution must be understood as the time evolution of the 
dynamical system. As a consequence, the fundamental action (13.11) describes a dynamical system, 
from which an emergent (2 n + 1)-dimensional Lorentzian spacetime M. with the metric (12.341) is 
derived. 

The large N duality in Fig. [2] says that the gravitational variables such as vielbeins in general 
relativity arise from the commutative limit of NC 1/(1) gauge fields via the map (12.371) . Then one 
may ask where flat Minkowski spacetime comes from. Let us look at the metric (12.341) to identify 
the origin of the flat Minkowski spacetime. Definitely the Lorentzian manifold M. becomes the 
Minkowski spacetime when all fluctuations die out, i.e., —>• dg, A“ — > 0. Therefore the vacuum 
geometry for the metric (12.341) was originated from the vacuum configuration (13.51) in which V^ } = 
( Va) vac = 5% so A 2 —y 1 according to Eq. (12.301) . In other words, the (2 n + 1)-dimensional 
flat Minkowski spacetime is emergent from the vacuum condensate (13.51) since the corresponding 
vielbeins and the metric are given by = V ^ 0) = ) an d ds 2 = r// 2 • <7y -rfy | 1_3.J_4|. We 

have to emphasize that the vacuum algebra responsible for the emergence of the Minkowski spacetime 
is the Moyal-Heisenberg algebra (12.1 II) . But the NC Coulomb vacuum induces a nontrivial vacuum 
energy density caused by the condensate (12.1 II) . We can calculate it using the action (13.61) : 

1 , ,9 

Pv ac = 7^2 \Bab\ 2 - (3.7) 

4(jr yM 

A striking fact is that the vacuum (12.1 II) responsible for the generation of flat spacetime is not empty. 
Rather the flat spacetime had been originated from the uniform vacuum energy (13.71) known as the cos¬ 
mological constant in general relativity. This is a tangible difference from Einstein gravity, in which 
T )W = 0 in flat spacetime as one can see from Eq. (11.11) . Consequently, the emergent gravity reveals 
a remarkable picture that a uniform vacuum energy such as Eq. (13.71) does not gravitate. As a result, 
the emergent gravity does not contain the coupling of cosmological constant like J d 2n+1 x\/~Q A, so 
it presents a striking contrast to general relativity. This important conclusion may be strengthened by 
applying the Lie algebra homomorphism (12.211) to the commutators in Eq. (12.131) . which reads as 

— (ad [cj>a,(j>b] — V F ab -B ab = Vp ab = [V a , Vb] G D (3.8) 

for a constant field strength B a b. To stress clearly, the gravitational fields emergent from NC (7(1) 
gauge fields must be insensitive to the constant vacuum energy such as Eq. (13.71) . In the end, the 
emergent gravity clearly dismisses the notorious cosmological constant problem lTT3l 14. 21]. 

In order to estimate the dynamical energy scale for the vacuum condensate (13.51) . note that the 
Newton constant G\- according to emergent gravity picture has to be determined by field theory 
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parameters only such as the gauge coupling constant Gym and 6 = B 1 defining the NC U (1) gauge 
theory (13.61) . A simple dimensional analysis leads to the result [IT3H T41 



(3.9) 


where |0| := |Pf 6 >| i. To be specific, when considering the four-dimensional case in which M P 


(8ttG n ) 1 / 2 ~ 10 18 GeV and G\- M ~ the vacuum energy (13.71) due to the condensate (12.111) is at 
a moderate estimate given by 



(3.10) 


YM 


Amusingly emergent gravity discloses that the perverse vacuum energy p vac ~ M P was actually the 
origin of flat spacetime. It is worthwhile to remark that the Planck mass M P naturally sets a dynam¬ 
ical scale for the emergence of gravity and spacetime if quantum gravity should be formulated in a 
background-independent way so that the spacetime geometry emerges from a vacuum configuration 
of some fundamental ingredients in the underlying theory. Therefore it may be not a surprising result 
but rather an inevitable consequence that the Planck energy density (13.101) in vacuum was the genetic 
origin of spacetime. 

We observed before that the MQM admits a global automorphism given by Eq. (13.21) . Let us see 
what is the consequence of the Poincare automorphism (13.21) on the emergent spacetime geometry. 
The Poincare automorphism leads to the transformation V A ^ —> Vj°' > = A a B V p \ However, this 
transformation does not change A 2 because detA = 1. The geometry for the transformed vacuum 
p' A is determined by the metric (12.341) that is again the flat Minkowski spacetime M 2 "' 1 . Therefore, 
we see that the vacuum configuration responsible for the generation of flat spacetime is not unique 
but degenerate up to the Poincare automorphism^ After all, the global Poincare symmetry of the 
Minkowski spacetime is emergent from the Poincare automorphism (13.21) of MQM. 

Note that the Planck energy condensate in vacuum resulted in an extremely extended spacetime 
as the metric (12.341) clearly indicates. However, since we have started with a background-independent 
theory in which any spacetime structure has not been assumed in advance, the spacetime was not 
existent at the beginning but simply emergent from the vacuum condensate (13.51) . Therefore the Planck 
energy condensation into vacuum must be regarded as a dynamical process. Since the dynamical 
scale for the vacuum condensate is about of the Planck energy, the time scale for the condensation 
will be roughly of the Planck time t P ~ 10 ” 44 sec. Inflation scenario asserts that our Universe at the 
beginning had undergone an explosive inflation era lasted roughly ~ 10 -33 seconds. Thus it is natural 
to consider the cosmic inflation as a dynamical process for the instantaneous condensation of vacuum 
energy p vac ~ Mp to enormously spread out spacetime lf2TTl . Now we will explore how the cosmic 

5 Note that the vacuum solution (13.5b is further degenerated under the scaling p a —>• p' a = fip a or y a —> y' a = (3~ l y a 
as far as /? £ R \ {()} is a nonzero constant. We will use this freedom to normalize the initial length scale such that 
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inflation is triggered by the condensate of Planck energy in vacuum responsible for the dynamical 
emergence of spacetime. 

First let us understand intuitively Eqs. (11.21) and (11.31) to get some dear insight from the old 
wisdom. Suppose that a test particle with mass m is placed in the condensate (13.101) . Consider a ball 
of radius r(t) and the test particle placed on its surface. According to the Gauss’s law, the particle will 
be subject to the gravitational potential energy V(r) = - caused by the condensate (13.101) . 

where M(r) = i7r 'M p vac i s the total mass inside the ball@ In order to preserve the total energy E 
of the particle, the ball has to expand so that the kinetic energy K(r ) = \mr(t) 2 generated by the 
expansion compensates the negative potential energy. That is, the energy conservation implies the 
following relation 


2 _ 87rGVp vac k 

~ 3 Ktp 


(3.11) 


where H = AT i s the expansion rate and k = — By comparing the above equation with the 
Friedmann equation (11.21) after the identification r(f) = Ra(t), we see that Eq. ( 13.1 II) corresponds to 
Pvac = V(0) ~ Vo and o ~ 0 with k — 0. At the outset we actually assumed the spatially flat universe, 
k = 0, for the Friedmann equation (11.21) . In our approach with a background-independent theory, the 
condition k = 0 is automatic since the very beginning should be absolutely nothing! This conclusion 
is consistent with the metric (12.341) which describes a final state of cosmic inflation. Hence we may 
moderately claim that the background-independent theory for cosmic inflation predicts a spatially flat 
universe, in which the constant k must be exactly zero. 

From the above simple argument, we see that the size of the ball exponentially expands, i.e., 


a(t ) = a 0 e Ht 


(3.12) 


where 

H = y 87rG ^ Pvac (3.13) 

is a constant. Let us introduce fluctuations around the inflating solution (13.121) by considering p vac 
Pvac + and 0 7 ^ 0 , where 5p is the mechanical energy due to the fluctuations of the inflaton 0(f). 
Then the evolution equation (13.1 II) is replaced by 

H 2 = SttGjv (^ a c + 6p ^ (3 . 14) 

and the dynamics of the inflaton is described by Eq. (11.31) . As we already remarked in Eq. (11.51) . the 
dynamics of the inflaton must be described by a non-Hamiltonian system, whose mathematical basis 

6 It might be remarked that this experiment is a simple twist of the well-known solution of Gauss’s law for gravity 
inside the earth, in which the minus sign in the gravitational potential energy presupposes a repulsive force rather than 
the usual attractive force. Moreover the repulsive force is given by F = k g r = -Vk(r) where k g = 47rGw 3 rraPvac and 
V(r) = — GNA ^ r '> m i s the gravitational potential energy in Newtonian gravity. The change of sign and the factor 2 
enhancement are due to the general relativity effect since ^ = — 47rGjv (p v ac + 3 p) = — 4vGn (—2 < o vac ). 
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will be reviewed in Part II. Therefore, in order to describe the inflationary universe in the context of 
emergent gravity, we need to extend the module T) 1 of differential operators in Eq. (12.221) so that 
the exponential behavior (13.121) is derived from it. In classical limit, such vector fields are known as 
conformal vector fields whose flow preserves a symplectic form up to a constant, so they appear in 
the conformal Hamiltonian dynamics such as simple mechanical systems with friction ll40ll4Tll . 

As we have advocated the vitality of the background-independent formulation of emergent space- 
time, it is desirable to realize the inflationary universe as a solution of the matrix model (13.11) . Now we 
will show that the cosmic inflation arises as such a time-dependent solution describing the dynamical 
process of Planck energy condensate into vacuum without introducing any inflaton field as well as 
an ad hoc inflation potential. It is not difficult to show that the dynamical process for the vacuum 
condensate is described by the time-dependent vacuum configuration given by 

K/t 

(0a (t)) vac = Pait) = p a , (A 0 (t)) va c = a 0 (t, y), (3.15) 


where the temporal gauge field is given by an open Wilson line lf35ll 

— / \ k f 1 , dy a (cr) , . 

a o{t,y) = ^J do ^ Pa(cr) (3.16) 

along a path parameterized by the curve y a (o ) = y% + ( a (o) where C a (<r) = 0 ab k b o with 0 < 
cr < 1 and y a (o = 0) = and y a (o = 1) = y a . The constant k will be identified with the 
inflationary Hubble constant H. First note that the second term in Eq. (13.31) identically vanishes for 
the background (13.151) . Therefore it is necessary to impose the condition 

A)0a = [^Pa ~ i[A 0l p a }^ = 0 (3.17) 

to satisfy both (13.31) and (13.41) . In terms of the NC ^-algebra A l 0 , Eq. (13.171) reads as 


ddo(t,y) _ k 
dy a 2^ a 


(3.18) 


Using the formula 

W Si d ° iJ ^r K ^) = s ‘ k m (3.i9) 

for some differentiable function K(y), one can easily check that the temporal gauge field in Eq. (13.161) 
satisfies Eq. (13.181) . 

Before calculating the metric (12.341) for the inflating background (13.151) . we want to discuss some 
physical significance of the nonlocal term (13.161) . First we point out that the temporal gauge field 
(13.161) corresponds to a background Hamiltonian density in the comoving frame. (See footnote [7] 
for a different choice of coordinate frame.) We will see soon that the gravitational metric including 
the effect of the nonlocal term (13.161) is still local as it should be. It was already noticed in ll42ll 
that nonlocal observables in emergent gravity are in general necessary to describe some gravitational 
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metric that is nonetheless local. Moreover the appearance of such nonlocal terms should not be 
surprising in NC gauge theories, in which there exist no local gauge invariant observables. Indeed it 
was shown in lf35l that nonlocal observables are the NC generalization of gauge invariant operators 
in NC gauge theories. 

Now let us determine the metric (12.341) for the inflating background (13.151) . The (2 n + 1)- 
dimensional vector fields defined by Eq. (12.221) take the following form 


V 0 (t) 


8 K a 9 
dt 2 ^ dy a ’ 


Va(t) 


Hit 

e 2 


d 

dy a 


(3.20) 


It may be stressed that the result (13.201) is exact, i.e., higher-order derivative terms in Eq. (12.231) 
identically vanish. Note that the vector fields take the local form again as the result of applying the 
formula (13.191) and the open Wilson line (13.161) leads to a conformal vector field Z = \y a -§^ known 
as the Liouville vector field ll40l !4T |. Then the dual orthogonal one-forms are given by 


v°{t) = dt, v a (t) = e~^{dy a + a a ) = e~ Kt dy a 


where 

a a = \y a dt, y a t = e V- 

One can see that the vector fields in Eq. (13.201) satisfy [Vo, V a \ = nV a and thus 


9ab° = 


90 a = -9aO b = d, b = 1 , ■ ■ ■ ,2n] 


0 , 


otherwise. 


(3.21) 

(3.22) 


(3.23) 


From this result, we get A = e nKt since gsA B = VA In A 2 lH4l . One can see that the volume-preserving 
condition (12.351) is definitely satisfied since p = e nKt and /1[' = — | y a . In the end, the time-dependent 
metric for the inflating background (13.151) is given by 


ds 2 = — dt 2 + e 2Ht dy t ■ dy t , 


(3.24) 


where we have identified the inflationary Hubble constant H = (n — 1)k. We emphasize that the 
temporal gauge field (13.161) is crucial to satisfy Eqs. (13.31) and (13.41) . Note that the metric (13.241) 
is conformally flat, i.e., the corresponding Weyl tensors identically vanish and so describes a ho¬ 
mogeneous and isotropic inflationary universe known as the Friedmann-Robertson-Walker metric in 
physical cosmology. 

We showed that the cosmic inflation arises as a time-dependent solution of a background-independent 
theory describing the dynamical process of Planck energy condensate in vacuum without introducing 
any inflaton field as well as an ad hoc inflation potential. Let us generalize the cosmic inflation by 
also including arbitrary fluctuations around the inflationary background (13.151) . Such a general in¬ 
flationary universe in (2 n + 1)-dimensional Lorentzian spacetime can be realized by considering a 
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time-dependent NC algebra given byj 

t A l e = {<j>o{t,y) = i— + A 0 (t,y), $ a {t,y) = e% (p a + A a (f, ?/))}. (3.25) 

We denote the corresponding time-dependent matrix algebra by t A 1 N which consists of a time-dependent 
solution of the action (13.11) . Then the general Lorentzian metric describing a (2 n + 1)-dimensional 
inflationary universe can be obtained by the following duality chain: 

Ujy => t A 1 e =► t 'D 1 . (3.26) 

The module t D 1 of derivations of the NC algebra t A\ is given by 

'D 1 = {V A (t) = (V 0 , V a )(t)\Vo(t) = 2 + ad lo(tJ)) , V a (t) = S (2- + adj^,) }. (3.27) 

where the adjoint operations are defined by Eq. (12.221) . In the classical limit of the module (13.271) . we 
get a general inflationary universe described by 

ds 2 = -dt 2 + e 2Ht {l + 6X) 2 v^v a c (dy b - A b )(dy c t - A c ), (3.28) 

where v% : = v%(t,y), 5X := SX(t,y ) and A b := 5a b 0 (t,y)dt. If all fluctuations are turned off for 
which v% = 6% and 5X = A b = 0, we recover the inflation metric (13.241) . 

To appreciate the physical picture of the vacuum configuration (13.151) . recall that a NC space such 
as cannot occupy a single point of the plane but rather lies in a region of the plane. Thus there 
must be a basic length scale, below which the notion of space (and time) does not make sense. Let us 
fix such a typical length scale at t = 0 as \y a (t = 0)| ~ Lp or l s = \fd using the scaling freedom 
noted in footnote[5] It should be reasonable to identify Lp with the Planck length. Since //' (/ = 0) are 
operators acting on a Hilbert space, this means that the inflationary vacuum (13.151) creates a spacetime 
of the Planck size. After the creation, the universe evolves to the inflation epoch as a solution of time- 
dependent matrix model unlike the traditional inflationary models that describe just the exponential 
expansion of a preexisting spacetime. This picture is similar to the birth of inflationary universes in 
Ref. (61 in which the universe is spontaneously created by quantum tunneling from nothing into a 
de Sitter space. Here by nothing we mean a state without any classical spacetime. According to the 
standard inflation scenario, the universe expanded by at least a factor of e 60 during the inflation. In 
order to know the duration of the inflation exactly, we need to understand the precise mechanism of 
reheating, which unfortunately goes beyond our ability at present. Since the radius of the universe 

7 One may wonder why the time direction is not inflating. This is due to our choice of a coordinate frame to describe 
the dynamical system. The time evolution operator cf>o(t,y) is defined in the so-called comoving frame. In general, 
one can choose an arbitrary frame in which the time evolution is described by k(t,y)-^ £ Hor(^fg), i.e., the d = 1 
case of Eq. (12.201 . A particularly interesting frame is the conformal coordinates with which the metric is given by 
ds 2 = a(y) 2 (—dr] 2 + dx • dx) where a(rf) = and — oo < y < 0. The conformal coordinates can be easily 

transformed to the comoving coordinates by a(r/)dr] = dt. 
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at the beginning of inflation is about Lp, 60 e-foldings at t — f en d = 10~ 36 ~ 1CT 33 sec mean that 
Ht end > 60 and the size of universe at the end of inflation amounts to ?/'(/: = t end )| = e Htend \y a (t = 
0)| > e 60 Lp. Since 1 eV = (6.6 x 10” 16 sec) _1 , this informs us of the energy scale of the inflationary 
Hubble constant given by H > 10 11 ~ 10 14 GeV B3J SJ. 


4 Discussion 

It is well-known 03] @4] that NC field theories arise as a low-energy effective theory in string theory, 
in particular, on D-branes upon turning on a constant 5-field. A remarkable aspect of the NC field 
theory is that it can be mapped to a large N matrix model as depicted in Fig. [T] The relation between 
NC gauge theories and matrix models is quite general since any Lie algebra or Moyal-type NC space 
such as (12.41) always admits a separable Hilbert space and NC gauge fields become operators acting 
on the Hilbert space |29l . The matrix representation of NC gauge fields implies that they can be 
embedded into a background-independent formulation in terms of a matrix model. Here we refer 
to a background-independent theory in which any spacetime structure is not a priori assumed but 
defined by the theory. The background-independent variables are identified as the degrees of freedom 
of the underlying matrix model. The relation with the matrix model gives a physical interpretation 
of the background independence for the NC gauge theories by the observation lfl2l [281 that the NC 
space (12.41) is a consistent vacuum solution of a large N gauge theory in the Coulomb branch. The 
matrices are the original dynamical variables of the matrix model which are manifestly background- 
independent and the NC gauge fields are now derived from fluctuations in the NC Coulomb branch 
as depicted in Fig. [2] These matrix models can be embedded into string theories or M-theory. For 
example, the d = 0 {n = 5) and d = 2 (n = 4) cases in the matrix action (12.151) are precisely the 
IKKT matrix model OTI and the matrix string theory [[3211341 , respectively. However its relation to 
the BFSS matrix model If33l is not straightforward since the matrix model (12.151) contains only even 
number of adjoint scalar fields while the BFSS matrix model requires 9. Nevertheless, the DLCQ M- 
theory compactified on an odd-dimensional torus T p can be described by the matrix action (12.151) with 
d = p+1 and n = because it is known ll30l that the former is described by the (p+1) -dimensional 
U ( N) supersymmetric Yang-Mills theory on a dual torus (T p )*. Although it remains open to realize 
the original BFSS matrix model as the Hilbert space representation of a NC U (1) gauge theory, it is a 
separate issue from the background-independent formulation of an emergent inflationary spacetime. 
The latter arises from a time-dependent solution to a one-dimensional matrix quantum mechanics 
which does not presuppose any spacetime background. 

In string theory, there are two exclusive spacetime pictures based on the Kaluza-Klein (KK) theory 
vs. emergent gravity although they are conceptually in deep discord with each other. On the one hand, 
the KK gravity is defined in higher dimensions as a more superordinate theory and gauge theories in 
lower dimensions are derived from the KK theory via compactification. Since the KK theory is just 
the Einstein gravity in higher dimensions, the prior existence of spacetime is a priori assumed. On the 
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other hand, in emergent gravity picture, gravity in higher dimensions is not a fundamental force but 
a collective phenomenon emergent from more fundamental ingredients defined in lower dimensions. 
In emergent gravity approach, the existence of spacetime is not a priori assumed but the spacetime 
structure is defined by the theory itself. This picture leads to the concept of emergent spacetime. In 
some sense, emergent gravity is the inverse of KK paradigm, schematically summarized by 

(l<g)l) s ^2©0 (4.1) 

where —> means the emergent gravity picture while 4— indicates the KK picture. 

Recent developments in string theory have revealed growing evidences for the emergent grav¬ 
ity and emergent spacetime. The AdS/CFT correspondence and matrix models are typical examples 
supporting the emergence of gravity and spacetime 10. Since the emergent spacetime is a new funda¬ 
mental paradigm for quantum gravity and radically different from any previous physical theories, all 
of which describe what happens in a given spacetime, it is required to seriously reexamine all the ra¬ 
tionales to introduce the multiverse hypothesis from the perspective of emergent spacetime. However, 
we do not intend to make an objection to the existence of more diverse subregions in the Universe. 
The Universe is rather likely much larger than we previously thought. Actually the emergent space- 
time picture implies that our observable patch within cosmic horizon is a very tiny part rsj KT 60 of 
the entire spacetime, as we will discuss soon. Instead we will pose the issue whether the existence 
of more diverse subregions besides ours means that the laws of physics are ambiguous or all these 
subregions follow the same laws of physics and the physical laws of our causal patch in the Universe 
can be understood as accurately as possible without reference to the existence of other subregions. 

First let us summarize the main (not exhausting) sources of the multiverse idea [0: 

A. Cosmological constant problem. 

B. Chaotic and eternal inflation scenarios. 

C. String landscape. 

First of all, we have to point out that these are all based on the traditional spacetime picture. The 
cosmological constant problem (A) is the problem in all traditional gravity theories such as Einstein 
gravity and modified gravities. So far any such a theory has not succeeded to resolve the problem A. 
The inflation scenarios (B) are also based on the traditional gravity theory coupled to an effective field 
theory for inflaton(s). Thus, in these scenarios, the prior existence of spacetime is simply assumed. 
The string landscape (C) also arises from the conventional KK compactification of string theory al¬ 
though the string theory is liberal enough to allow two exclusive spacetime pictures, as we already 
remarked above. Since superstring theories can consistently be defined only in ten-dimensions, ex¬ 
tra six-dimensional internal spaces need to be compactified to explain our four-dimensional world. 
Moreover it is important to determine the shape and topology of an internal space to make contact 
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with a low-energy phenomenology in four-dimensions because the internal geometry of string the¬ 
ory determines a detailed structure of the multiplets for elementary particles and gauge fields via the 
KK compactification. The string landscape (C) means that the huge variety of compactified internal 
geometries exist, typically, in the range of lO 500 and almost the same number of four-dimensional 
worlds with different low-energy phenomenologies accordingly survive lfT0lfTT| . 

We have to stress again that the emergent spacetime picture is radically different from the conven¬ 
tional picture in general relativity so that they are exclusive and irreconcilable each other. Therefore, 
if the emergent spacetime picture is correct to explain our Universe, we have to give up the traditional 
spacetime picture and KK paradigm. For this reason, we will reconsider all the rationales (A,B,C) 
from the standpoint of emergent spacetime and the background independentness. 

We already justified at the beginning of Sec. 3 why emergent gravity definitely dismisses the 
cosmological constant problem (A). See also Refs. IIT31 fT4l [2Tll for more extensive discussion of 
this issue. There is no cosmological constant problem in emergent gravity approach founded on the 
emergent spacetime. The foremost reason is that the huge vacuum energy (13.71) or (13.101) that is a 
cosmological constant in general relativity was simply used to generate the flat spacetime and thus it 
does not gravitate any more. The emergent gravity does not allow the coupling of the cosmological 
constant thanks to the general property (13.81) . which is a tangible difference from general relativity. 
Consequently there is no demanding reason to rely on the anthropic fine-tuning to explain the tiny 
value of current dark energy. We will also discuss later what dark energy is from the emergent gravity 
picture following the observation in Refs. ffT3llT4U2TII . 

The multiverse picture arises in inflationary cosmology (B) as follows EH!. In theories of in¬ 
flationary model, even though false vacua are decaying, the rate of exponential expansion is always 
much faster than the rate of exponential decay. Once inflation starts, the total volume of the false 
vacuum continues to grow exponentially with time. The chaotic inflation is also eternal, in which 
large quantum fluctuations during inflation can significantly increase the value of the energy den¬ 
sity in some parts of the universe. These regions expand at a greater rate than their parent domains, 
and quantum fluctuations inside them lead to production of new inflationary domains which expand 
even faster. Jumps of the inflaton field due to quantum fluctuations lead to a process of eternal self¬ 
production of inflationary universe. In most inflationary models, once inflation happens, it produces 
not just one universe, but an infinite number of universes. 

Now an important question is whether the emergent spacetime picture can also lead to the eternal 
inflation. The answer is certainly no. The reason is the following. We showed that the inflation¬ 
ary vacuum (13.151) arises as a solution of the (BFSS-like) matrix model (13.11) . In order to define the 
matrix model (13.11) . however, we have not introduced any spacetime structure. The vacuum (13.151) cor¬ 
responds to the creation of spacetime unlike the traditional inflationary models that describe just the 
exponential expansion of a preexisting spacetime. Moreover, the inflationary vacuum (13.151) describes 
a dynamical process of the Planck energy condensate responsible for the emergence of spacetime. In 
general relativity the Minkowski spacetime with metric g lw = rj IMJ must be a completely empty space 
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because the Einstein equation (11.11) requires = 0. However, in emergent gravity, it is not an 
empty space but full of the Planck energy as Eq. (13.101) clearly indicates. An important point is that 
the Planck energy condensate results in a highly coherent vacuum called the NC space. As the NC 
phase space in quantum mechanics necessarily brings about the Heisenberg’s uncertainty relation, 
Ax A p > |, the NC space (12.41) also leads to the spacetime uncertainty relation. Therefore any further 
accumulation of energy over the vacuum (13.151) must be subject to the exclusion principle known as 
the UV/IR mixing ll45l . Consequently, it is not possible to further accumulate the Planck energy den¬ 
sity 5p ~ Mj, over the inflationary vacuum (13.151) . This means that it is impossible to superpose a new 
inflating subregion over the inflationary vacuum. In other words, the cosmic inflation triggered by the 
Planck energy condensate into vacuum must be a single event 11211 . In the end we have a beautiful 
picture: The NC spacetime is necessary for the emergence of spacetime and the exclusion principle 
of NC spacetime guarantees the stability of spacetime. In conclusion, the emergent spacetime does 
not allow the pocket universes appearing in the eternal inflation. 

The above argument suggests an intriguing picture for the dark energy too. Suppose that the in¬ 
flation ended. This means that the inflationary vacuum (13.151) in nonequilibrium makes a (first-order) 
phase transition to the vacuum (12.1 II) in equilibrium in some way. We do not know how to do it. We 
will discuss a possible scenario in Part II. Since the vacuum (12.1 II) satisfies the NC commutation rela¬ 
tion, any local fluctuations over the vacuum ( 12.1 II) must also be subject to the spacetime uncertainty 
relation or UV/IR mixing. This implies that any UV fluctuations are paired with corresponding IR 
fluctuations. For example, the most typical UV fluctuations are characterized by the Planck mass Mp 
and these will be paired with the most typical IR fluctuations with the largest possible wavelength 
denoted by Lp = M r[ 1 . This means that these UV/IR fluctuations are extended up to the scale Lp 
which may be identified with the current size of cosmic horizon. By a simple dimensional analysis 
one can estimate the energy density of these fluctuations: 

Sp ~ M\M\ = -4— (4.2) 

It may be emphasized that, if the microscopic spacetime is NC, then the UV/IR mixing is inevitable 
and the extended (nonlocal) energy (14.21) is necessarily induced lETTl . If we identify Lp with the 
cosmic horizon of our observable universe, Lp ~ 1-3 x 10 26 m, 5p is roughly equal to the current 
dark energy, i.e., 

Sp = M a de ~ (10 - 3 eV) 4 . (4.3) 

Thus the emergent gravity predicts the existence of dark energy whose scale is characterized by the 
size of our visible universe. Since the characteristic scale of entire spacetime is set by the Planck mass 
Mp only, this implies that our observable universe is one causal patch out of much larger unobservable 
patches. According to the cosmic uroborus O, we estimate the total number of causal patches in our 
Universe to be Mp/Mp = M E /M EE ~ 10 6 °. 

The gauge/gravity duality such as the AdS/CFT correspondence has clarified how a higher di¬ 
mensional gravity can emerge from a lower dimensional gauge theory. A mysterious point is that 
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the emergence of gravity requires the emergence of spacetime too. If spacetime is emergent, every¬ 
thing supported on the spacetime should be emergent too for an internal consistency of the theory. In 
particular, matters cannot exist without spacetime and thus must be emergent together with the space- 
time. Eventually, the background-independent theory has to make no distinction between geometry 
and matter |[T5l . This is the reason why the emergent spacetime picture cannot coexist peacefully 
with the KK paradigm. As we pointed out before, the string landscape has been derived from the KK 
compactification of string theory. Therefore, if the emergent spacetime picture is correct, we need to 
carefully reexamine the string landscape (C) from that point of view. The emergent spacetime picture 
may endow the string landscape with a completely new interpretation since reversing the arrow in 
(14.11) accompanies a radical change of physics. For example, a geometry is now derived from a gauge 
theory while previously the gauge theory was derived from the geometry. 

The KK compactification of string theory advocates that the Standard Model in four dimensions 
is determined by a six-dimensional internal geometry, e.g., a Calabi-Yau manifold. Thus different 
internal geometries mean different physical laws in four dimensions, so different universes governed 
by the different Standard Models. However, the emergent gravity reverses the arrow in (14.11) . Rather 
internal geometries are determined by microscopic configurations of gauge fields and matter fields in 
four dimensions. As a consequence, different internal geometries mean different microscopic con¬ 
figurations of four-dimensional particles and nonperturbative objects such as solitons and instantons. 
This picture may be more strengthened by the fact If39l that Calabi-Yau manifolds are emergent from 
six-dimensional NC U( 1) instantons and thus the origin of Calabi-Yau manifolds is actually a gauge 
theory. If the microscopic configuration changes by interactions, then the corresponding change of 
the internal geometry will also be induced by the interactions. If so, the huge variety of internal ge¬ 
ometries may correspond to the ensemble of microscopic configurations in four dimensions and lO 500 
would be the Avogadro number for the microscopic ensemble. Recall that NC geometry begins from 
the rough correspondence-contravariant functor-between the category of topological spaces and the 
category of commutative algebras over C and then changes the commutative algebras by NC algebras 
to define corresponding NC spaces. In this correspondence, different internal geometries correspond 
to choosing different NC algebras. We have observed that the latter allows a background-independent 
formulation which does not require a background geometry and a large amount (possibly infinitely 
many) of spacetime geometries can be described by generic deformations of a vacuum algebra in a 
master theory. Hence a background-independent quantum gravity seems to bring a new perspective 
that cripples all the rationales to introduce the multiverse hypothesis. 
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ABSTRACT 

In Part I, we have proposed a background-independent formulation of cosmic inflation. It was 
shown that the inflationary universe arises as a time-dependent solution of a background-independent 
theory such as matrix models without introducing any inflaton field as well as an ad hoc inflation 
potential. The emergent spacetime picture admits a background-independent formulation so that the 
inflation is responsible for the dynamical emergence of spacetime described by a conformal Hamilto¬ 
nian system. In this sequel, we explore the mathematical foundation for the background-independent 
formulation of cosmic inflation and generalize the emergent spacetime picture to matrix string theory. 
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1 Summary of Part I 


In Part I 0]], we have shown that the emergent gravity from noncommutative (NC) U( 1) gauge theory 
is basically the large N duality and it can be applied to cosmic inflation. It has been based on the 
observation that the TV —* oo limit of U(N) Yang-Mills theory opens a new phase of the so-called 
NC Coulomb branch given by 

[0a, 0b]|vac ^B ab (0a)vac Pa — B ab y (1.1) 

where B ab = (# _1 ) a6 and the vacuum moduli //' satisfy the Moyal-Heisenberg algebra 

[y a ,y b \=i6 ab , a,b — 1, - ■ ■ , 2n. (1.2) 

A fundamental fact is that the NC space (11.21) denoted by M.g n is a consistent vacuum solution of a 
large N gauge theory in the Coulomb branch and more general solutions are generated by all possible 
(on-shell) deformations of the vacuum (11.11) . To be specific, suppose that the deformations take the 
form 

Dp = df, - iA,j,(x,y), 0 a = p a + A a (x, y). (1.3) 

The adjoint scalar fields in Eq. (11.31) now obey the deformed algebra given by 

[0a, 0ft] = —i(B a b — F ab ) G Ag, (1.4) 

where 

F ab = d a A b - d b A a - i [A a , A b \ (1.5) 

with the definition d a = ad Pa = -i[p a ,-]. Plugging the fluctuations in Eq. (11.31) into the d-dimensional 
U(N —>■ oo) Yang-Mills theory, we get a remarkable identity J2l|3]| given by 

S = [ d d xTi{]F, u F^ + \D,cj )a Dy a -][ ( p a , ( p b } 2 ) 

= -?^ f d D Y-(F AB -B AB )\ (1.6) 

J 4 

where Aa(x, y) = {A^ A a )(x , y) are D = (d + 2n )-dimensional NC 17(1) gauge fields. We empha¬ 
size that the NC Coulomb branch (11.11) is crucial to realize the emergent gravity from matrix models 
or large N gauge theories. We summarize the emergent gravity picture from a large N gauge theory 
with the flowchart depicted in Fig. [0 

In order to complete the large N duality in Fig. [0 it is necessary to know how to map the NC 
17(1) gauge theory to the Einstein gravity. Although the answer has already been known thanks to 
the works nnai a, we will give here a self-contained exposition to clarify the issues regarding to 
physical cosmology addressed in Part I. We observed in Part I [QQ] that the cosmic inflation arises 
as a time-dependent solution of matrix quantum mechanics (MQM), i.e. the d = 1 case in Eq. 
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Figure 1: Flowchart for large N duality 

(11.61) . without introducing any inflaton field as well as an ad hoc inflation potential. In particular, the 
emergent spacetime picture admits a background-independent formulation of the cosmic inflation as 
the dynamical generation of spacetime. We have shown that the time-dependent vacuum configuration 
given by 

(0a (f)) vac = Pa(t) = p a , (A 0 (t,y)) vac = a 0 (t,y ), (1.7) 

satisfies the equations of motion for the MQM, where k is related to the inflationary Hubble constant 

H = (n — 1)k and 

— / x K f l , dy a (<r ) 

«o (t,y) = -J do ^ p a (cr) (1.8) 

is an open Wilson line [[6j along a path parameterized by the curve y a (o) — yfi + ('"(a). The inflating 
background ( 11.71) determines the time-dependent metric given by 

ds 2 = mdt 2 + e 2Ht dy t -dy t , (1.9) 

where y “ = y". We emphasize that the temporal gauge field (11.81) is crucial to satisfy the equations 

of motion and generates a conformal vector field for the exponential behavior in Eq. (11.91) ifTl . Note 
that the metric (11.91) is conformally flat, i.e., the corresponding Weyl tensors identically vanish and 
so describes a homogeneous and isotropic inflationary universe known as the Friedmann-Robertson- 
Walker metric in physical cosmology. 

We can further consider standard cosmological perturbations by including arbitrary fluctuations 
around the inflationary background (11.7b . Such a general inflationary universe in (2 tt,+ 1)-dimensional 
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( 1 . 10 ) 


Lorentzian spacetime can be realized by considering a time-dependent NC algebra given by 

f 'Aj) = = i^ + Ao(t,y), </>a(t,y) = (p a + A a (t, y)) }. 

The module t D 1 of derivations of the NC algebra t A\ is given by 

‘S' = {v A (t) = (V>„,i4)(t)|i/„(() = s + ad lo , K(t) = eT(_ + ad^)}, (1.11) 

where the adjoint operations are defined by the derivation of Ag when k = 0. In the classical limit of 
the module (11.111) . we get a general inflationary universe described by 

ds 2 = -dt 2 + e 2Ht {l + 5\) 2 v%v a c (dy b t - A b )(dy c t - A c )), (1.12) 

where v% := v%(t,y), 5X := 5X(t,y) and A 6 := 5a b Q{t,y)dt. If all fluctuations are turned off for 
which I'l = ()'/' and SX = A 1 ' = 0, we recover the inflation metric (11.91) . 

Since the cosmic inflation is simply the dynamical generation of spacetime according to the emer¬ 
gent spacetime picture, a particularly important issue is to understand the origin of space and time in 
the context of physical cosmology. The emergence of space is relatively easy to understand compared 
to the notorious issue on the emergent time. In order to grasp the emergence of time in quantum 
gravity, we will get a valuable lesson by examining how the time evolution of a dynamical system is 
defined in quantum mechanics. We have a great virtue by the fact that the mathematical structure of 
NC spacetime is basically equivalent to the NC phase space in quantum mechanics. Motivated by the 
close analogy with quantum mechanics, we argue that the evolution of spacetime structure supported 
on a vacuum solution must be understood as a dynamical system defined by large N matrices. We 
show that the resulting dynamical system can be described by the MQM corresponding to the d = 1 
case in Eq. (11.61) . 

The Part II is organized as follows. In Sec. 2, we compactly review the background-independent 
formulation of emergent gravity and emergent spacetime in terms of matrix models 01[4;15 , 7] 8 ,[9|. 
See also iflOl fTTi [T2l '13j. The crux of the underlying argument is the realization that the NC space 
Mg” arises as a solution of a large N matrix model in the Coulomb branch and this vacuum admits 
a separable Hilbert space as quantum mechanics 0. General solutions are generated by considering 
arbitrary deformations of a primitive vacuum such as M| n obeying the Heisenberg algebra. These 
deformations can be arranged into a one-parameter family. Since any automorphism of the matrix 
algebra is inner, this means that they are described by the general inner automorphism of an underlying 
NC algebra Ag. Thus these deformations are intrinsically dynamical. The (emergent) time is defined 
through the Hamiltonian description of the dynamical system like quantum mechanics. The emergent 
geometry is then simply derived from the nontrivial inner automorphism of the NC algebra Ag , in 
which the NC nature is crucial to realize the emergent gravity 00. An important point is that the 
matrix model does not presuppose any spacetime background on which physical processes develop. 
Rather the matrix model provides a mechanism of spacetime generation such that every spacetime 
structure including the flat spacetime arises as a solution of the theory. 
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It is important to keep in mind that the inflationary scenario is at best an incomplete picture of 
the very early universe since it is known to be past incomplete Ifl4l . This implies that we need to 
go beyond the inflationary cosmology if we really want to understand the very earliest moments of 
the universe. In Sec. 3, we observe that the vacuum configuration in the NC Coulomb branch is the 
Planck energy condensate responsible for the generation of spacetime and results in an extremely large 
spacetime. Because the Planck energy condensate into vacuum must be a dynamical process, we ex¬ 
plore the dynamical mechanism for the instantaneous condensation of vacuum energy to enormously 
spread out spacetime. We show that the cosmic inflation as a dynamical system can be described by a 
locally conformal (co)symplectic manifold (see Appendix A for the definition) which is a generalized 
phase space of a time-dependent Hamiltonian system. Since the generalized symplectic manifold ad¬ 
mits a rich variety of vector fields, in particular, Liouville vector fields that generate an exponential 
phase space expansion, the inflation can be described by the so-called conformal Hamiltonian system 
Ifl5l[l6| without introducing any inflaton field as well as an ad hoc inflation potential. It is remarkable 
to see that an inflationary vacuum describing the dynamical emergence of spacetime simply arises as 
a solution of time-dependent matrix model as far as a nonlocal temporal gauge field is introduced. 

In Sec. 4, we emphasize that NC spacetime necessarily implies emergent spacetime if spacetime 
at microscopic scales should be viewed as NC. Although spacetime at the microscopic scale is in¬ 
trinsically NC, we understand the NC spacetime through the quantization of a symplectic manifold. 
Since the most natural object to probe the symplectic geometry is a string rather than a particle or 
a pseudoholomorphic curve which is a stringy generalization of a geodesic worldline in Riemannian 
geometry lUTll . we need a mathematically precise framework for describing strings in a background- 
independent way to make sense of the emergent spacetime proposal. We show that the pseudoholo¬ 
morphic curve can be lifted to a NC spacetime by the matrix string theory lfT8lfl9l . We argue that any 
NC spactime may be viewed as a second-quantized string for the background-independent formula¬ 
tion of quantum gravity, which is still elusive in the usual string theory. Hence we need to read old 
literatures with the new perspective. 

In Sec. 5, we discuss a speculative mechanism for a graceful exit from inflation by some nonlinear 
damping through interactions between the inflating background and ubiquitous local fluctuations. We 
also discuss possible approaches to understand our real world R 3 ' 1 that is unfortunately beyond our 
current approach because M 3,1 does not belong to the class of (almost) symplectic manifolds. 

In the first appendix, we briefly review the mathematical foundation of locally conformal cosym- 
plectic (LCC) manifolds that correspond to a natural phase space describing the cosmic inflation of 
our universe. In the second appendix, we give a brief exposition of harmonic oscillator with time- 
dependent mass to illustrate how a nonconservative dynamical system with friction can be formulated 
by a time-dependent Hamiltonian system which may be useful to understand the cosmic inflation as 
a dynamical system 
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2 Emergent spacetime from matrix model 


Let us start with a zero-dimensional matrix model with a bunch of N x N Hermitian matrices, {0 a £ 
An\ci = 1, • • • , 2n}, whose action is given by ll20ll 

.. 2n 

S = -~ ^Tr[0 a ,0 fe ] 2 . (2.1) 

a,b= 1 

In particular, we are interested in the matrix algebra An in the limit N —* oo. We require that the 
matrix algebra An is associative, from which we get the Jacobi identity 

[0a, [0ft, 0c]] + [06, [0C 0a]] + [0c, [0a, 0b]] = 0. (2.2) 

We also assume the action principle, from which we yield the equations of motion: 

2 n 

J>ft,[0a,0ft]] = 0. (2.3) 

6=1 

We emphasize that we have not introduced any spacetime structure to define the action (12.11) . It is 
enough to suppose the matrix algebra An consisted of a bunch of matrices which are subject to a few 
relationships given by Eqs. (12.21) and (12.31) . 

First suppose that the vacuum configuration of An is given by 


(0a)vac Pa £ An , 


(2.4) 


which must be a solution of Eqs. (12.21) and (12.31) . An obvious solution in the limit N —» oo is given 
by the Moyal-Heisenberg algebrtQ 

[Pa:Pb] = -iB ab , (2.5) 


where ( B ab ) = —Lp 2 (l n <8 ia 2 ) is a 2 n x 2 n constant symplectic matrix and L P is a typical length 
scale set by the vacuum. A general solution will be generated by considering all possible deformations 
of the Moyal-Heisenberg algebra (12.51) . It is assumed to take the form 


— Pa + A a £ A 


■TV, 


( 2 . 6 ) 


obeying the deformed algebra given by 

[0a, 0b] = -i{B ab - Fab), (2.7) 

*The conventional choice of vacuum in Coulomb branch is given by [cj> a , <3t,]| va c = 0 and so (0 a ) vac = 
diag((a a )i, (a a ) 2 , ■ ■ ■ , (ct a )jv)- However, it turns out (see Section III.C in 0) that, in order to describe a classical 
geometry from a background-independent theory, it is necessary to have a nontrivial vacuum defined by a coherent 
condensation obeying the algebra ( 12.51 ). For this reason, we will choose the Moyal-Heisenberg vacuum instead of the 
conventional vacuum. A similar reasoning was also advocated in footnote 2 in Ref. El. 
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where 

F a b = d a A b — d b A a — i[A a , A b \ G An (2.8) 

with the definition d a = ad Pa = —i\p a , ■]. For the general matrix o„ G An to be a solution of Eqs. 
(12.21) and (12.31) . the set of matrices F ab G An, called the field strengths of NC (7(1) gauge fields 
A a G An, must obey the following equations 

D a F bc + D b F ca + D c F ab = 0, 

2 n 

D b F ab = 0, 

6=1 

where 

F) a F bc = ad cjj a F bc -Ffic] \$a, [06)0c]]- (2.11) 

The algebra An admits a large amount of inner automorphism denoted by Inn (7A,v) • Note that 
any automorphism of the matrix algebra An is inner. Suppose that 717 = {<j)' a \a = 1, ■ ■ ■ , m} is 
an another matrix algebra composed of m elements of N x N Hermitian matrices. We will identify 
two matrix algebras, i.e. An — A'~ if rn = 2n and N = N and there exists a unitary matrix 
U a G Inn(Tliv) such that e>' a = U a (j)aU~ l for each a — 1, • • • , 2 n. It is important to recall that the NC 
algebra An generated by the vacuum operators p„ admits an infinite-dimensional separable Hilbert 
space 

% = {|n)|n= l,--- ,N -)• oo}, (2.12) 

that is the Fock space of the Moyal-Heisenberg algebra (12.51) . As is well-known from quantum me¬ 
chanics lf2Tl . there is a one-to-one correspondence between the operators in Hom(I7) and the set of 
N x N matrices over C where V is an A^-dimensional complex vector space. In our case, V — H 
is a Hilbert space and N = dim('H) —> oo. Thus the matrix algebra An can be realized as a Hilbert 
space representation of the NC ^-algebra 

Ae = {(j>a(y) e Horn(7() |a = 1, • • • ,2 n}, (2.13) 

which is generated by the set of coordinate generators in Eq. (11.21) . The commutator (11.21) is related 
to the Moyal-Heisenberg algebra (12.51) by 8 ab = ( B~ 1 ) ab and p a = B ab y b . To be specific, given a 
Hermitian operator 4> a {y) G Ae, we have a matrix representation in 7~L as follows: 

OO OO 

4> a {y) = ^ \n)(ri\(j) a (y)\m)(m\ = ^ (4> a )nm\n)(m\ (2.14) 

n,m=l n,m= 1 

using the completeness of H, i.e. Yl™=\ \ n )( n \ = 1 h- The unitary representation of the operator 
algebra Ae can thus be understood as a linear transformation acting on an iV-dimensional Hilbert 
space Hn' 

Ae '■ 8 ~Ln —^ T~Ln■ (2.15) 
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(2.9) 

( 2 . 10 ) 












That is, we have the identification 


An — End(’Hjv) — Ae- (2.16) 

As a result, the inner automorphism Inn(Av) of the matrix algebra An is translated into that of 
the NC ^-algebra Ae, denoted by Iini(Ao). Its infinitesimal generators consist of an inner derivation 
D defined by the map [HjA 51® 


Ae -A 3) : O ^ ado = - i[0 , •]* (2.17) 

for any operator O E Ae- Using the Jacobi identity of the NC ^-algebra Ae, one can easily verify the 
Lie algebra homomorphism: 

[ad 0l ,ad 02 ] = -zad[o liC > 2 ]* (2.18) 

for any 0\ , 0 2 E Ae ■ In particular, we are interested in the set of derivations determined by NC gauge 
fields in Eq. (12.131) : 

{V a = adj a e £>| (j>a(y) =Pa + A a (y) E Ae, a = 1, ■ ■ ■ , 2 n}. (2.19) 

In a large-distance limit, i.e. \0\ —> 0, one can expand the NC vector fields V„ using the explicit form 
of the Moyal ^-product. The result takes the forrrO 

r\ OO r\ r\ 

k = v-(y) w + E 6 »■ (2-20) 

Thus the NC vector fields in D generates an infinite tower of the so-called polyvector fields 0. Note 
that the leading term gives rise to the ordinary vector fields that will be identified with a frame basis 
associated to the tangent bundle TM. of an emergent manifold M.. Since the leading term in (12.201) 
already generates the gravitational fields of spin 2, the higher-order terms correspond to higher-spin 
fields with spin > 3. 

Since we have started with a large N matrix model, it is natural to expect that the IKKT-type 
matrix model (12.11) is dual to a higher-dimensional gravity or string theory according to the large N 
duality or gauge/gravity duality If22l . The emergent gravity is realized via the gauge-gravity duality 
following the d — 0 case of the flowchart in Fig. |T1 If3ll: 

An A 0 2). (2.21) 

The gauge theory side of the duality is described by the set of large N matrices that consists of an 
associative, but NC, algebra An- By choosing a proper vacuum such as Eq. (12.41) . a matrix in ^4^ is 
regarded as a linear representation of an operator acting on a separable Hilbert space T~L. That is, the 

2 In Part II, we will use the Greek letters to denote local indices of NC coordinates unlike the Part I indicating commu¬ 
tative ones as in Eq. ira . 
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matrix algebra An is realized as a representation of an operator algebra Ae on the Hilbert space H. 
i.e., An — End('H). Consequently the algebra An is isomorphically mapped to the NC ^-algebra 
Ae, as Eq. (12.141) has clearly illustrated. The gravity side of the duality is defined by associating 
the derivation 2D of the algebra Ag with a quantized frame bundle X(A4 ) of an emergent spacetime 
manifold AT The noncommutativity of an underlying algebra is thus crucial to realize the emergent 
gravity. As we discussed in footnote[Q this is the reason why we need the Moyal-Heisenberg vacuum 
(12.51) instead of the conventional Coulomb branch vacuum flU. If we choose the conventional vacuum, 
we will fail to realize the isomorphism between An and Ag. After all, in order to describe a quantum 
geometry mathematically, we need to find a right NC algebra^ 

It is important to perceive that the realization of emergent geometry through the duality chain in 
Eq. (12.211) is intrinsically local. Therefore it is necessary to consider patching or gluing together 
the local constructions to form a set of global quantities. For this purpose, the concept of sheaf 
may be essential because it makes it possible to reconstruct global data starting from open sets of 
locally defined data ll23ll . Let us explain this feature briefly since its extensive exposition was already 
given in Ref. OJ. Its characteristic feature becomes transparent when the commutative limit, i.e. 
\G\ —v 0, is taken into account. In this limit, the NC *-algebra Ag reduces to a Poisson algebra 
= ( C°°(Ui ), {—, — } 0 ) defined on a local patch Ui C M in an open covering M = (J iGJ U t . 
The Poisson algebra arises as follows. Let L —f iff be a line bundle over iff whose connection 
is denoted by A. We assume that the curvature T of the line bundle L is a nondegenerate , closed 
two-form. Therefore we identify the curvature two-form T = dA with a symplectic structure of 
iff. On an open neighborhood Ui C iff, it is possible to represent = B + F^> where F® = 
dA W and B is the constant symplectic two-form already introduced in Eq. (12.51) . Consider a chart 
(Ui,(j>(i)) where 4>{i) £ Diff(Cfj) is a local trivialization of the line bundle L over the open subset 
Ui obeying (j>%\(F^) = B. Such a local chart always exists owing to the Darboux theorem or the 
Moser lemma in symplectic geometry Il24l and the local coordinate chart obeying 4>*^(F W) = B is 
called Darboux coordinates. Thus the line bundle L —> iff corresponds to a dynamical symplectic 
manifold (iff, F) where F = B + dA. The dynamical system is locally described by the Poisson 
algebra = (C°°(Ui), {—, —}e) in which the vector space C°°(Ui ) is formed by the set of Darboux 
transformations (f>(i) € Diff ((/,) equipped with the Poisson bracket defined by the Poisson bivector 
6 = B~ l e T(A 2 Tiff). 

Consider a collection of local charts to make an atlas {(Ui, 0(q)} on iff = (J ig/ Ui and complete 
the atlas by gluing these charts on their overlap. To be precise, suppose that (Ui, 0(q) and (Uj, 0(j)) 
are two coordinate charts and F® = dA W and F (;1) = dA ( ' J > are local curvature two-forms on U t 

3 The explicit realization of the duality chain (12.21b depends on the data of the matrix algebra An- In particular, the 
vacuum of the algebra An depends on the rank N and the number of linearly independent matrices. Given the data of An, 
the vacuum will be specified by choosing a most primitive one so that more general solutions are generated by deforming 
the primitive vacuum as we already implemented in Eq. (12.6b . For instance, for our particular choice given by N —> oo 
and even number of matrices, the Moyal-Heisenberg algebra (12.51) is the most primitive vacuum for quantum gravity. This 
statement may be regarded as a quantum version of the Darboux theorem in symplectic geometry. 
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and Uj, respectively. We choose the coordinate maps ©(,;) E Diff([/j) and 0^) E DiflF(CZj) such that 
+ FW) = B and 0*^(5 + F^) = B. On an intersection £0 D U v the local data (A^\ 0^) 
and (A^\ 0 ( :j )) on Darboux charts (£0, 0(q) and ( Uj , 0( ? )), respectively, are patched or glued together 

by El 


A® =A® + d\W, (2.22) 

ha) = &U) ° 0(i)> (2.23) 

where 0( 7?: ) E D iff 00 D Uj) is a symplectomorphism on U t D Uj generated by a Himiltonian vector 
field X x (ji) satisfying i(X X (ji))B + dX^ l> = 0. We sometimes denote the interior product i x by i (X) 
for a notational convenience. Similarly, we can glue the local Poisson algebras to form a globally 
defined Poisson algebra fp = |J jg/ 00'P The global vector fields V„ = V£(y)-^ G Y(TM). a = 

1, ■ • • , 2 n, in Eq. (12.201) can be obtained by applying a similar globalization to the derivation D, 

which form a linearly independent basis of the tangent bundle TAA of a 2 n-dimensional emergent 
manifold M.. As a consequence, the set of global vector fields X(JA) = {V a \a — 1, ■ ■ ■ , 2 n} results 
from the globally defined Poisson algebra fp [jS]]. 

The vector fields V a E X(A4) are related to an orthonormal frame, the so-called vielbeins E a E 
T(T2W),in general relativity by the relation 

V a = XE a , a = 1, • • • , 2n. (2.24) 

The conformal factor A E C°°(M) is determined by imposing the condition that the vector fields V a 
preserve a volume form 

v = A V A • • • A v 2n , (2.25) 

where v a = v^(y)dy fl E T(T*M) are coframes dual to V a , i.e., ( v a , V b ) = 5 b . This means that the 
vector fields V a obey the conditions 

Ey a v — (V • V a T (2 — 2n)V a In A) u — 0, Va = 1, ■ • • , 2ra, (2.26) 

where C x = t X d + dt x is the Lie derivative with respect to a vector field X. Note that a symplectic 
manifold always admits such volume-preserving vector fields. (See Appendix B in [O.) Together with 
the volume-preserving condition (12.261) . the relation (12.241) completely determines a 2n-dimensional 
Riemannian manifold M. whose metric is given by 0,14151 

ds 2 = Gnv(x)dx^ <g) dx u = e a ® e a 

= X 2 v a ®v a = A 2 v a ^(y)v a u (y)dy^ <g> dy\ (2.27) 

where e a = 00.X000' = Xv a E I0T0V1) are orthonormal one-forms on A4. After all, the 2 n- 
dimensional Riemannian manifold A4 is emergent from the commutative limit of polyvector fields 
V a — V a + 0(9 2 ) E D derived from NC U (1) gauge fields. 
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So far we have discussed the emergence of spaces only. However, the theory of relativity dictates 
that space and time must be coalesced into the form of Minkowski spacetime in a locally inertial 
frame. Hence, if general relativity is realized from a NC ^-algebra Ag, it is necessary to put space 
and time on an equal footing in the NC *-algebra Ao- If space is emergent, so should time. Thus, an 
important problem is how to realize the emergence of “time.” Quantum mechanics offers us a valuable 
lesson that the definition of (particle) time is strictly connected with the problem of dynamics. In 
quantum mechanics, the time evolution of a dynamical system is defined as an inner automorphism 
of NC algebra An generated by the NC phase space 

[x l ,x J ] = 0, [x\pj\ = ihd }, i, j = 1 , • • • ,n. (2.28) 

The time evolution for an observable / G An is simply an inner derivation of An given by 

(2.29) 

A remarkable picture, as observed by Feynman If26ll . Souriau, and Sternberg Il27l . is that the physical 
forces such as the electromagnetic, weak and strong forces, can be realized as the deformations of 
an underlying vacuum algebra such as Eq. (12.281) . For example, the most general deformation of the 
Heisenberg algebra (12.281) within the associative algebra An is given by 

x l ->■ x\ pi ->• pi + Ai(x, t), H -)• H + A 0 (x, t), (2.30) 


where (A 0 , Ai)(x,t) must be electromagnetic gauge fields. Then the time evolution of a particle 
system under a time-dependent external force is given by 


df_ 

dt 


d£ 

dt 


h 


[HJ]- 


(2.31) 


Note that the construction of the NC algebra An or Ao bears a close parallel to quantum me¬ 
chanics. The former is based on the NC space (11.21) while the latter is based on the NC phase space 
(12.281) . The NC (7(1) gauge fields in Eq. (12.61) act as deformations of the vacuum algebra (12.51) in 
the matrix algebra An, similarly to Eq. (12.301) in the quantum algebra An- Therefore we can apply 
the same philosophy to the NC algebra An or Aq to define a dynamical system based on the Moyal- 
Heisenberg algebra (12.51) . In other words, we can consider a one-parameter family of deformations of 
zero-dimensional matrices which is parameterized by the coordinate t. Then the one-parameter family 
of deformations characterized by (12.61) and (12.71) can be regarded as the time evolution of a dynamical 
system. For this purpose, we extend the NC algebra Ag to A l g = 0C(G ,oc (M)) = C' 0O (M) 0 Ag whose 
generic element takes the form 

f(t,y)eAl- (2.32) 


The matrix representation (12.141) is then replaced by 


OO 

n,m= 1 


oo 

^ " f nm (t)\n)(m 

n,m=l 


(2.33) 
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where f nm (t ) := [f(t)} nm are elements of a matrix f(t) in A X N = = C°°(M) <g) An 

as a representation of the observable (12.321) on the Hilbert space (12.121 ) . As the Heisenberg equation 
(12.311) in quantum mechanics suggests, the evolution equation for an observable f(t, y ) E Ag in the 


Heisenberg picture is defined by 

dl ^ ''' = <>l lJ ^ - i[Ao(t, y ), f(t, ?/)]* = D 0 f{t, y) (2.34) 

where we denoted the local Hamiltonian density by 

Hit, y) = - A 0 (t , y) E A#. (2.35) 

The definition (12.341) is intended for the following reason. Note that 

- i[<t>a, f(t)\ = da fit, y) - i[A a (t, y), f(t, j/)]* = DJ(t, y), (2.36) 

where the representation (12.331) has been employed. Then one can see that the inner automorphism 
Inn (A;) of Ao can be lifted to the automorphism of A), given by 

A 0 it,y) ->■ U(t, y) * - ^ ^ + u ( t ,y)' k A 0 (t,y)-kU~\t,y), (2.37) 

^ BU ^ (t tv ') ^ ^ ^ 

A a {t,y) —> U (t, y) * - ’ ^ +U{t,y)* A a {t,y)*U~ l {t,y), (2.38) 


where U(t , y) = with A(t, y) E Ag. It is obvious that the above automorphism is nothing but 

the gauge transformation for NC U{ 1) gauge fields in (2 n + 1)-dimensions |[28l . 

Our leitmotif is that a consistent theory of quantum gravity should be background-independent, 
so that it should not presuppose any spacetime background on which fundamental processes develop. 
Hence the background-independent theory must provide a mechanism of spacetime generation such 
that every spacetime structure including the flat spacetime arises as a solution of the theory itself. 
The most natural candidate for such a background-independent theory is a zero-dimensional matrix 
model such as Eq. (12.11) because it is not necessary to assume the prior existence of spacetime to 
define the theory. Hence a background spacetime also arises as a vacuum solution of an underlying 
theory. We emphasize again that the NC nature of the vacuum solution, e.g. Eq. (12.51) . is essential to 
realize the large N duality via the duality chain (12.211) . A profound feature is that the background- 
independent theory is intrinsically dynamical because the space of all possible solutions is extremely 
large, typically infinite-dimensional and generic deformations of a primitive vacuum such as Eq. 
(12.51) will span a large subspace, at least, in the Morita equivalent class of NC algebras Q. We 
argued that the dynamics under the Moyal-Heisenberg vacuum (12.41) is described by the NC algebra 
An = Ay (C'°°(M)) = C'°°(R)0Ay. One may regard A v as a one-parameter family of deformations 
of the algebra An- In this case we can generalize the duality chain (12.211) to realize the “time- 
dependent” gauge/gravity duality as follows: 

A\ =► Al =► D 1 . (2.39) 
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It is well-known lf29ll that in the case of A\j or A l 0 , the module of its derivations can be written as a 
direct sum of the submodules of horizontal and inner derivations: 

3 1 = Hor^) © D(^) ^ Hor(^) 0 D(Al) (2.40) 

where horizontal derivation is a lifting of smooth vector fields on M onto ' v or A) } and is locally 
generated by a vector field 

9(t>y)^ e Hor(^). (2.41) 

The inner derivation i D(Aq) is defined by lifting the NC vector fields in Eq. (12.191) onto A l 0 and 
generated by 

[Va(t) = ad ?a G D(Al)\(j)a(t,y) = p a + A a (t,y ) e A], a = 1, ■ ■ ■ ,2 n} (2.42) 

and d 

{kw - s = ad, 0 e V(Al) |1„(«,9) e Al}. (2.43) 

It might be remarked that the definition of the time-like vector field V 0 (t) is motivated by the quantum 
Hamilton’s equation (12.341) . i.e., 

Mt) := 4 (2.44) 

Consequently, the module of the derivations of the NC algebra Al is given by 

rv 

2 ) 1 = {v A (t) = (V 0 ,V a )(t)\V 0 (t) = - + ad lo , V a (t) = ad ?a , A = 0,1, • • • , 2n). (2.45) 

In the commutative limit, \6\ —> 0, the time-dependent polyvector fields V A (t) in S) 1 will take the 
following form 

m) = ^ + m ,y)^ + ± y)-JL...JL, (2.46) 

r\ OO r\ r\ 

A) = y^v ) w +E v r "*(*. < 2 - 47 > 

P —2 

Let us truncate the above polyvector fields to ordinary vector fields given by 

r\ 

X(M) = {V A = Cf(f, v)q^m\A, M = 0,1, • • • , 2 n] (2.48) 

where = <5° and X M = (t, y 1 ') are local coordinates on an emergent Lorentzian manifold A4 of 
(2 n + 1)-dimensions. The orthonormal vielbeins on TA4 are then obtained by the prescription [[Q 

(Co, V a ) = (B 0 , A E a ) e Y(TM) (2.49) 
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or on T* A4 

(e°, e a ) = (v°, Xv a ) G r (T*M). (2.50) 

The conformal factor A G C°°( A4) is similarly determined by the volume-preserving condition 

C VA v t = (V • Va + (2 — 2n)V A In X)v t — 0, VA = 0,1, • • • , 2n. (2.51) 


The above condition explicitly reads as 

% + o) = 0 & d„(pV»)= 0, (2.52) 

where p = A 2 detu“ and 

v t = dt !\v — \ 2 dt A u 1 A • • • A u 2n (2.53) 


is a (2n + 1)-dimensional volume form on M. . If the structure equation of vector fields V A G T{TM.) 
is defined by 

[Va ,V B \ =-g AB c V c , (2.54) 

the volume-preserving condition (12.511) can equivalently be written as ||5ll 

9ba B = V a In A 2 . (2.55) 

In the end, the Lorentzian metric on a (2 n + 1)-dimensional spacetime manifold A4 is given by 

mmm 


ds 2 = g MN {X)dX M ®dX N = r] AB e A ®e B 

= ~v° + X 2 v a ®v a = -df 2 + A 2 n“<(^ - ^)(dy u - A u ) (2.56) 


where := A%(t,y)dt. 

It should be noted that the time evolution (12.441) for a general time-dependent system is not com¬ 
pletely generated by an inner automorphism since Hor(Ag) is not an inner but outer derivation. This 
happens since the time variable t is a bach. Thus one may extend the phase space by introducing a 
conjugate variable H of t so that the extended phase space becomes a symplectic manifold. Then it 
is well-known tf24l that the time evolution of a time-dependent system can be defined by the inner 
automorphism of the extended phase space whose extended Poisson bivector is given by 


/ \ 


where 


dt 

0 = - 9 ^^- 
2 dy** 


A 


OH 
d 


dy v 


(2.57) 


(2.58) 


is the original Poisson bivector related to the NC space (11.21) . As a result, one can see [j5]| that the 
temporal vector field (12.441) is realized as a generalized Hamiltonian vector field defined by 


V 0 = X H = -d(dH) 


d_ 

dt 


+ X 


H 


(2.59) 
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where Xh = 9(dA 0 ) is the original Hamiltonian vector field which is a classical part of the inner 
derivation ad^ Q = X H + 0(9 2 ) G D(Al). But we have to pay the price for the extension of phase 
space. In the extended phase space, the time t is now promoted to a dynamical variable whereas 
it was simply an affine parameter describing a Hamiltonian flow in the old phase space. Then the 
extended Poisson structure (12.571) raises a serious issue whether the time variable for a general time- 
dependent system might also be quantized; in other words, time also becomes an operator obeying 
the commutation relation [t, H] = —i. We want to be modest not to address this issue since it is a 
challenging open problem even in quantum mechanics. 

We figure out the time issue in a less ambitious way. Suppose that (M, B = 0 -1 ) is the original 
symplectic manifold responsible for the emergence of spaces. Now we consider a contact manifold 
(R. x M, B ) where B = tt^B is defined by the projection 7 r 2 : M x M —)• iff, 7r 2 (t,x) = x Il24ll . 
We define the concept of (space)time in emergent gravity through the contact manifold (lxM,5) 
in the sense that the derivations in Eq. (12.451) can be obtained by quantizing the contact manifold 
(R. x M, B). Indeed it is shown in Appendix A that the time-like vector field Vo in Eq. (12.591) arises 
as a Hamiltonian vector field of a cosymplectic manifold whose particular class is a contact manifold. 
Note that the emergent geometry described by the metric (12.561) respects the (local) Lorentz symmetry. 
If one looks at the metric (12.561) . one can see that the Lorentzian manifold M. becomes the Minkowski 
spacetime on a local Darboux chart in which all fluctuations die out, i.e., v“ —> 5“, A M —* 0, so A — > 
1. We have to emphasize [[Q that the vacuum algebra responsible for the emergence of the Minkowski 
spacetime is the Moyal-Heisenberg algebra (12.51) . Many surprising results will immediately come out 
from this dynamical origin of the flat spacetime SI IS SSI, which is absent in general relativity. 

We close this section by observing that the quantized version of the contact manifold (R x M, B ) 
is described by the MQM whose action is given by 

s = ^f dm (l(D 0 <j > a ) 2 + ^{cpaAb} 2 ), (2.60) 

where Z9 o 0 a = — i[A 0 , 0J. The equations of motion for the matrix action (12.601) are given by 

D^a + [06, [0 a , 0b]] = 0, (2.61) 

which must be supplemented with the Gauss constraint 

[0 a , 7900a] = 0. (2.62) 

As we discussed before, we interpret the matrix model (12.601) as a Hamiltonian system of the IKKT 
matrix model whose action is given by Eq. (12.11) . Note that the original BFSS matrix model PTll 
contains 9 adjoint scalar fields while the action (12.601) has even number of adjoint scalar fields. For 
the former case, on the one hand, we have no idea how to realize the adjoint scalar fields as a matrix 
representation of NC 77(1) gauge fields on a Hilbert space like as (12.331) . Even it may be nontrivial to 
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construct the Hilbert space because the M-theory is involved with a 3-form instead of symplectic 2- 
form. For the latter case, on the other hand, the previous Moyal-Heisenberg vacuum (12.41) is naturally 
extended to the vacuum configuration of A l N given by 

(0a)vac Pa, (2l())vac £, (2.63) 

where the vacuum moduli p a e A X N satisfy the commutation relation (12.51) and £ is a constant pro¬ 
portional to the identity matrix. We consider all possible deformations of the vacuum (12.631) and 
parameterize them as 

(j) A (t,y) = p A +A A (t,y) e Al, (2.64) 

where the isomorphism (12.331) between A\ and A ] 0 was used. Note that 

[0a,0b]* = ~i(B ab ~ Fab), (2.65) 


where 


and 


Fab = 9aA b — Ob A a — i[Aa, A b ]+ e Ag 


( 2 . 66 ) 


Bab = 


0 0 
0 B ab 

Plugging the fluctuations (12.641) into the action (12.601) leads to a (2n +1)-dimensional NC (7(1) gauge 
theory with the action 



~T~ f dm (]-(D 0 (j ) a ) 2 - ^[0a,0fe] 2 ) 
9ym J 4 ' 

-L-Jd^y(F AB -B AB )\ 


(2.67) 


where Gy M = (27r) n |Pf 0\g\ M is the (2n + 1)-dimensional gauge coupling constant. By applying the 
duality chain (12.391) to time-dependent matrices in A X N , it is straightforward to derive the module D 1 
in Eq. (12.451) from the large N matrices or NC (7(1) gauge fields in the action (12.671) . A Lorentzian 
spacetime described by the metric (12.561) corresponds to a classical geometry derived from the NC 
module X) 1 [f3l 


3 Cosmic inflation as a time-dependent Hamiltonian system 

In Part I III, we observed that a NC spacetime is caused by the Planck energy condensate responsible 
for the generation of spacetime and the Planck energy condensate into vacuum must be a dynamical 
process. The cosmic inflation corresponds to the dynamical mechanism for the instantaneous con¬ 
densation of vacuum energy to enormously spread out spacetime. Hence the cosmic inflation as a 
dynamical system is typically a time-dependent solution and must be described by a non-Hamiltonian 
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dynamics. Now we will illuminate how the cosmic inflation can be described by the conformal Hamil¬ 
tonian dynamics lfT5l[T6 1 which appears in, for example, simple mechanical systems with friction. In 
Appendix A we briefly review generalized symplectic manifolds that correspond to a natural phase 
space describing the conformal Hamiltonian dynamics. 

Let us consider the simplest case, namely when the symplectic manifold is M 2n with coordinates 
( q\pi ) and u = dq l A dpi = da where a = |( q l dpi — pidq 1 ). The symplectic manifold (M 2n , u) corre¬ 
sponds to a local system of a locally conformal symplectic (LCS) manifold as reviewed in Appendix 
A. A conformal vector field X is defined by 

Lx^ = Ka + dH, (3.1) 

where H : R 2n —>■ M is the Hamiltonian and k is a nonzero constant. Note that Eq. (13.11) implies 

fxU = KLO. (3.2) 


Therefore the vector field X is a Lie algebra generator of conformal infinitesimal transformations 
defined by Eq. (IA.29I) . It is easy to solve Eq. (13.11) for the vector field X and the result is given by 


X 


K, 


d 


d 


d" TTT + Pi Tj— ) + Xh, 
dq l opi / 


(3.3) 


where Xh is a usual Hamiltonian vector field obeying lx h uj = dH. Thus the Hamilton’s equations 
are given by 


dq l , k , dH 

iu =x ^ ) = oj + wr 

dpi , \ k dH 

S = X{Pi) = 2 P • - W 
1 „.2 


(3.4) 

(3.5) 


The equations of motion for the Hamiltonian H = \pi+U(q) are reduced to the differential equations 




, dV 

+ w - ’ 


(3.6) 


where V(q) = U(q) + ^qf- To be specific, the integral curves for U(q ) = |w 2 g 2 are given b>@ 

q\t) = e^q l (K = 0; t), p { (t ) = e^p^n = 0; f), 


(3.7) 


where q l (n — 0; t) — A 1 sin(o;f + 9) and pi(n — 0; t) — B t cos (ut + 9) describe the usual harmonic 
oscillator with a closed orbit when k — 0. Therefore we see that the flow generated by a conformal 
vector field has the property 

<;b*uj = e Kt uj , ( 3 . 8 ) 

4 Note that a = b + dX where b = — pidq * and A = \q‘pi- Thus one can also define the conformal vector field X by 
tjw = nb+dH' where H' = H+kX. In this case A = Kpi-^+Xu 1 and the equations of motion are given by ^ = §|L 

and dE± = K p i _ For H' = \(pj + w 2 qj), the general solution is given by q l (t) = sin (y\j u 2 — ^-t + 6^j. 

However the vector field defined by Eq. (13.3b is more convenient for our case. 


16 









which may be directly obtained by integrating Eq. (13.21) PI This means that the volume of phase space 
exponentially expands (contracts) if k > 0 (k < 0). 

The mathematical parallelism between quantum mechanics and NC spacetime suggests how to 
formulate the cosmic inflation as a dynamical system. First note that the NC space (11.21) in commuta¬ 
tive limit becomes a phase space with the symplectic form 


B = -Bn U dy M A dy v 


(3.9) 


The dynamics of Hamiltonian systems is characterized by the invariance of phase space volume under 
time evolution and the conservation of phase space volume for divergenceless Hamiltonian flows is 
known as the Liouville theorem If24l . However, the cosmic inflation means that the volume of space- 
time phase space has to exponentially expand as we have seen from the above mechanical analogue. 
Hence the cosmic inflation as a dynamical system has to be regarded as a non-Hamiltonian system and 
a generalized Liouville theorem is necessary to describe the exponential expansion of spacetime. We 
have already explained above how such a non-Hamiltonian dynamics can be formulated in terms of a 
conformal Hamiltonian dynamics characterized by the (local) flow obeying Eq. (13.21) . See Appendix 
A for a mathematical exposition of general time-dependent nonconservative dynamical systems @ 

Let us apply the conformal Hamiltonian dynamics to the cosmic inflation. Recall that we have 
considered an atlas {(£/*, <%))} on M — (J igj Ui as a collection of local Darboux charts and complete 
it by gluing these local charts on their overlap. On each local chart, we have a local symplectic 
structure = \B lxv dy l f A dyfo where {yjf} are Darboux coordinates on a local patch Ui C M. As 
was explained in Refs. |j36]l37] and reproduced in Appendix A, the phase space coordinates {y^ju, of 
a conformal Hamiltonian system undergo a nontrivial time evolution even in a local Darboux frame. 
For example, look at the equations of motion (13.41) and (13.51) to recognize such a nontrivial time 
evolution even when H — 0. The dynamics in this case consists of the orbits of a conformal vector 
field X obeying the condition (IA.29I) . The result is essentially the same as the previous mechanical 
system with negative-friction. To be specific, write = da (q on a local patch Ui C M where 


(■/(,) = ~\p^idy'f with pf = Ifn/y'f and consider a conformal vector field X defined by 

T dHi, 


TO _ 


(3.10) 


where H L : Ui —> R is a local Hamiltonian and k is a positive constant. Using the fact that t/Q, = 0, 
it is easy to derive the condition (IA.29I) from Eq. (13.101) . i.e., 


C x Qi = AtUj. (3.11) 

5 The proof goes as follows. Let (j) t denote the flow of X. By the Lie derivative theorem [[24), we have -f = 

(frlCxU = which has the unique solution (13.8b . 

6 We want to remark that such systems ubiquitously arise in, e.g., dynamical systems with friction and nonequilibrium 
statistical mechanics. Recently the statistical mechanics of non-Hamiltonian systems has been formulated using a gener¬ 
alized Liouville measure to study the simulation of molecular dynamics. See, for example, lf32l l33l [A4: , 35ll . We think that 
their formulation may be useful to understand the evolution of our early universe, especially, regarding to the issue of the 
cosmic Landau damping discussed in the last section. 
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The vector field X obeying Eq. (13.101) is given by 


X = V — 

9^(0 dlf 


+ x 


Hi 


(3.12) 


(0 


where X H . is the ordinary Hamiltonian vector field satisfying i {X n . )il l = dHi. The conformal vector 
field Z(j) = |' n Eq. (13.121) is known as the Liouville vector field [151, 16J and is generated by 
the open Wilson line (11.81) iHTl . We will set Hi = 0 for simplicity. The time evolution of local Darboux 
coordinates is then determined by the equations 


d y<i 


(0 


K 


dt 2 y W 

The solution is given by 

We may glue the local solutions (13.141) to have a global form 


(3.13) 

(3.14) 


Pa(t) = B ab y b (t ) = eS t p a . 


(3.15) 


Then the time-dependent canonical one-form is given by 

a{t) = ~7,Pa(t)dy a (t) = ~^e Kt p a dy a (3.16) 

and thus 

Q(t) = da(t) = e Kt B. (3.17) 

The exterior derivative above acts only on K 2n . One can show using the proof in footnote [5] that the 
result (13.171) is the integral form of Eq. (13.1 II) . More generally, the result (13.171) is a particular case of 
the general Moser flow (f> t generated by a time-dependent vector field X, for an LCS manifold which 
is given by |[38l 

cj)*n t = exp (^J 4>* s (b s (X s ))ds ) • 0, (3.18) 

where the one-form b is the Lee form of Q |[39l . The above result (13.171) is simply obtained from Eq. 
(13.181) when b(X) is a constant k. 

We have motivated the cosmic inflation with the idea that the vacuum configuration (12.631) is a 
final state accumulating the vacuum energy [[0. Therefore, the cosmic inflation corresponds to a 
dynamical system describing the transition from the initial state referring to “absolutely nothing” to 
the final state. For this purpose, let us consider a symplectic manifold (M, f2(i)) whose symplectic 
two-form is given by Eq. (13.171) . It was shown in [[Til that this symplectic manifold arises from a 
time-dependent vacuum solution given by 

(0a(i))vac = Pa(t) = e^p a , (A )(t, 7/)) v ac = a 0 (t, y). (3.19) 
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Recall that the temporal gauge field in Eq. ( 13 . 191 ) is given by the non-local Hamiltonian ( 11 . 71 ) . As 
was shown in Eq. ( 11 . 81 ) . it is necessary to turn on a non-local Hamiltonian to satisfy the equations of 
motion ( 12 . 611 ) as well as the Gauss constraint ( 12 . 621 ) and it leads to the conformal vector field ( 13 . 121 ) . 
However we will set a 0 (t , y) — 0 to highlight the conformal Hamiltonian dynamics of cosmic infla¬ 
tion and compare its difference with the case a 0 (t , y) ^ 0 later. Since the vacuum ( 13 . 191 ) is in highly 
non-equilibrium, it is expected that it will eventually evolve to the final state ( 12 . 631 ) through inter¬ 
actions with an environment (e.g., ubiquitous fluctuations) as we have learned from hydrodynamics 
and thermodynamics in non-equilibrium. The decay of exponentially growing modes via interactions 
with the environment is known as the reheating process in physical cosmology. However we do not 
know the precise mechanism for the reheating. We will speculate in Sec. 5 a plausible picture for the 
reheating mechanism. It turns out [[Q that n is identified with the inflationary Hubble constant H and 
the inflationary energy scale is given by 

H =(ti-1)k> 10 11 ~ 10 14 GeV. (3.20) 


Let us first determine the vacuum geometry emergent from the vacuum configuration (13.191) . In 
this case it is not necessary to glue Darboux charts because we have not introduced local fluctuations 
yet, so the Darboux coordinates in (13.191) are globally defined. Note that 


([0 a (f),0 fe (f)]) vac = - ie Kt B ab = -iQ ab (t), (3.21) 

and so we regard f2(t) = \Vt ab (t)dy a A dy b as the symplectic structure of the inflating vacuum (13.191) . 
According to the definition (1A. Ill) , we get (omitting the symbol indicating the vacuum for a notational 
simplicity) 

K if) = d(t)(d Pa (t )) = ef 4 K(0) (3.22) 

where V a (Q) = 5%AL. Similarly, 

V 0 (t) = ^ (3.23) 

since we set A 0 (t, y) = 0. Thus the dual one-forms are given by 

v°(t) = dt, v a (t) = e-tV(O) (3.24) 


where v° (0) = dAly 1 ''. It is easy to calculate the Lie algebra defined by Eq. (12.541) for the time- 
dependent vector fields V^it) where 


9ab° 


90 a b = -9a0 b = f <5 b , a, b = 1 , • • • , 2n; 

0, otherwise. 


(3.25) 


Thus A 2 = e nKt according to Eq. (12.551) . Note that, if we include the temporal gauge field in Eq. 
(13.191) . the conformal factor is enhanced to A 2 = e 2nKt H]. The invariant volume form of the vacuum 
manifold is then given by 


v t = A 2 dt A r> 1 (f) A • • • A v 2n {t) = dt A dy 1 A • • • A dy 2n . (3.26) 
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After applying the above results to the metric (12.561) . we see that the vacuum configuration (13.191) 
determines the spacetime geometry with the metric 

ds 2 = — dt 2 + e m dy ■ dy. (3.27) 

This is the de Sitter space in flat coordinates which covers half of the de Sitter manifold. Definitely 
the inflation metric (13.271) describes a homogeneous and isotropic Universe known as the Friedmann- 
Robertson-Walker metric in physical cosmology. By comparing this result with Eq. (11.91) . we see that 
the temporal gauge field (11.81) enhances the inflation by the factor two, i.e. H —>- 2 H. 

The vector fields Va(£) form a solvable Lie algebra and the de Sitter space is its Lie group. The Lie 
algebra for Eq. (13.251) has the generators Vn = — §+o( 2 n+i), K = l(L 0a +L a ^n+i)), which is indeed a 
subalgebra of the de Sitter algebra where Lab are the Lie algebra generators of SO(2n+l, 1) Lorentz 
symmetry. In this point of view, energy and momentum do not commute unlike in the Minkowski 
spacetime and are no longer conserved, as translations are no more a symmetry of the spaced Instead, 
energy generates scale transformations in momentum. This is the reason why the isometry of the de 
Sitter space is enhanced to SO(2n +1,1) which combines SO(2n, 1) Lorentz transformations and 
translations together |[40l . In the limit n —>■ 0, we recover the Minkowski spacetime. 

Important remarks are in order. Lirst we see that the cosmic inflation is a typical example of an 
LCS manifold. The LCS manifold has a disparate property compared to symplectic manifolds. Lirst 
of all, it is allowed a nontrivial conformal vector field defined by Eq. (13.1 II) even when an underly¬ 
ing Hamiltonian function identically vanishes. The so-called Liouville vector field Z = is 

still nontrivial lfl5ll and it generates the exponential expansion of spacetime described by the metric 
(13.271) FI If the one-form a in Eq. (13.101) is proportional to the Lee form b, X is called a Hamiltonian 
vector field of an LCS manifold. See the definition (1A.10I) . Even in this case, the Hamiltonian vector 
field shows a peculiar property different from the symplectic case: If b is not exact, X H = 0 only if 
H = 0. Therefore we see that the vector fields of an LCS manifold is in stark contrast to those of 
a symplectic manifold, in which Xh = 0 implies H = constant only and, due to this property, the 
constant vacuum energy does not couple to gravity as was shown in Part I. Remarkably, if the cosmic 
inflation is described by an LCS (or more generally LCC) manifold, the vacuum energy rightly cou¬ 
ples to gravity during the inflation. This is a desirable property since the cosmic inflation is triggered 
by the condensate of vacuum energy. Physically the reason is obvious since every quantity during the 
inflation is time-dependent due to the existence of the nontrivial Liouville vector field. 

7 One important consequence is that the energy will not be positive. Polyakov has suggested ED that this makes de 
Sitter space unstable with respect to decay by creation of particle-antiparticle pairs. 

8 It would be worthwhile remarking that it is not possible to realize the Liouville vector field in terms of a local 
Hamiltonian function. Probably this situation becomes more transparent by the mechanical analogue described by Eq. 
d3+l>. Thus the inflation is a dynamical system without any Hamiltonian. It may explain why even string theory faces 
many difficulties to realize the cosmic inflation. However we show in Appendix B that this situation can be cured by 
introducing a time-dependent Hamiltonian. 
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It may be instructive to understand the above situation more closely in comparison with the equi¬ 
librium case described by the metric (12.561) . First note that the invariant volume form (12.531) can be 
written as 

= A 2 - 2 V„ (3.28) 

where v g = e° A • • • A e 2n = \T~Qd 2n+ 1 x is the volume form of the metric. Therefore, the vector 
fields Va do not necessarily preserve the Riemannian volume form u g although they preserve the 
volume form v t . However, since A 2 —* 1 at spatial infinity according to Eq. (12.551) . v t \oo = v g |oo 
for the asymptotic volume forms denoted by u t \^ and h , g \ 00 . In other words, the flow generated 
by Va leads to only local changes of the spacetime volume while it preserves the volume element 
at asymptotic regions. On the contrary, the conformal vector field changes the spacetime volume 
everywhere. Accordingly it definitely gives rise to the exponential expansion of the spacetime volume. 
After all, we see that a natural phase space for the cosmic inflation has to contain an LCS manifold 
replacing a standard symplectic manifold. Including time, it becomes an LCC manifold ll37l . Our 
result shows that the matrix model (12.601) contains the LCC manifold as a solution. 

As was summarized in Eq. (11.121) . a general Lorentzian metric describing (2 n + 1)-dimensional 
inflating spacetime can be obtained by considering arbitrary fluctuations around the inflationary back¬ 
ground ( 11.71) . The fluctuations are given by Eq. (11.101) and form a time-dependent NC algebra t A}. 
Let us denote the corresponding time-dependent matrix algebra by t A 1 N which consists of a time- 
dependent solution of the action (12.601) . Then the general Lorentzian metric describing a (2 n + 1)- 
dimensional inflationary universe is constructed by using the following duality chain |[T): 

t A 1 N => t A l e ==► ‘ID 1 . (3.29) 

The module < D 1 of derivations of the NC algebra t A 1 e is given by Eq. (11.1 II) . In the classical limit 
of the module, we get a general inflationary universe described by the metric (11.121) . The chain of 
maps in (13.291) shows how to realize the large N duality in Fig. Q] and achieve the background- 
independent description of an inflationary universe. A remarkable picture is that the cosmic inflation 
arises as a time-dependent solution of MQM and describes the dynamical process of Planck energy 
condensate in vacuum without introducing any inflaton field as well as an ad hoc inflation potential 
EL In conclusion, the emergent spacetime is a completely new paradigm that enables the background- 
independent description of an inflationary universe Il42l . 


4 NC spacetime as a second-quantized string 

We know that quantum mechanics is the more fundamental description of nature than classical physics. 
The microscopic world is already quantum. Nevertheless, the quantization is necessary to find a quan¬ 
tum theoretical description of nature since we have understood our world starting with the classical 
description which we understand better. After quantization, the quantum theory is described by a 
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fundamental NC algebra such as Eq. (12.281) . A striking feature of the NC algebra An is that every 
point in M" is unitarily equivalent because translations in M n are generated by an inner automorphism 
of An, he., f(x + a) = U(a)f(x)U(a where f(x) G An and U(a) = e ipia ^ h G Inn(^). There¬ 
fore, through the quantization, the concept of (phase) space is doomed. Instead the (phase) space 
is replaced by the algebra An and its Hilbert space representation and dynamical variables become 
operators acting on the Hilbert space. Only in the classical limit, a phase space with the symplectic 
structure ui = dx l A dpi is emergent from the quantum algebra An such as (12.281) . 

Recall that the mathematical structure of NC spacetime is basically the same as the NC phase 
space in quantum mechanics iTffl . Therefore essential features in quantum mechanics must be applied 
to the NC spacetime too. In particular, NC algebras Ae such as the NC space (11.21) also play a 
fundamental role and every points in the NC space are indistinguishable, i.e., unitarily equivalent 
because any two points are connected by an inner automorphism of Ae- In other words, there is no 
space(time) for the same reason as quantum mechanics and a classical spacetime must be derived 
from the NC algebra Ae- After all, an important lesson is that NC spacetime necessarily implies 
emergent spacetime. 

Although spacetime at a microscopic scale, e.g. the Planck scale Lp, is intrinsically NC, we 
understand the NC spacetime through the quantization of a symplectic (or more generally Poisson) 
manifold. Let (iff, B) be a symplectic manifold. On the one hand, the basic concept in symplectic 
geometry is an area defined by the symplectic two-form B that is a nondegenerate, closed two-form. 
On the other hand, the basic concept in Riemannian geometry determined by a pair (iff, g) is a distance 
defined by the metric tensor g that is a nondegenerate, symmetric bilinear form. One may identify 
this distance with a geodesic worldline of a “particle” moving in iff. Geodesic curves in iff give us 
all information of Riemannian geometry (iff, g). On the contrary, the area in symplectic geometry 
(iff, B ) may be regarded as a minimal worldsheet swept by a “string” moving in iff. In this picture, 
the wiggly string, so a fluctuating worlsheet, corresponds to a deformation of symplectic structure in 
iff. This picture becomes more transparent by the so-called pseudoholomorphic or J-holomorphic 
curve introduced by Gromov Il43l . 

Let (iff, J) be an almost complex manifold and (E, j) be a Riemann surface. By the compatibility 
of J to B, we have the relation g(X, Y ) = B (X, JY ) for any vector fields X, Y G X(iff). Let us 
also fix a Hermitian metric h of (E, j). A smooth map / : E —> iff is called pseudoholomorphic lfl7l 
if the differential df : T E —> TM is a complex linear map with respect to j and J: 

df ° j = J o df. (4.1) 

This condition corresponds to the commutativity of the following diagram 


TE — TE 

df df 

TM -Tiff 

j 
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Since J” 1 = — J, it is also equivalent to djf = 0 where djf := |( df + J o df o j ). For example, 
suppose that the Riemann surface is (£, i) where i is the standard complex structure. We can work 
in a chart u e : U a —v C with local coordinate z = r + ia where U e C S is an open neighborhood. 
Define f e = f o u~ l . In this case, we have 


djf = 


Thus we see that djf = 0 if 


(9fe T( f \ 9f € , 

\^ + - m ^ dT + 


(§7 - 




M + J(,)^ = 0 

dr J 'U)a 


Since J is 5-compatible, every smooth map / : S —)• M satisfies lf44l l45ll 


1 

2 


IM/||„dvol E = / ||<9j/||^ dvol s + / f*B, 


(4.2) 


(4.3) 


(4.4) 


where the norms are taken with respect to the metric g and dv ols is a volume form on S. In terms of 
local coordinates, (a 1 , a 2 ) on £ and f(a) = (x 1 , ■ ■ ■ , x 2n ) on M, 


\\df\\ 2 g 




dx M dx v 
da a da b 



(4.5) 


and dvols = \fhd 2 a. Therefore, the left-hand side of Eq. (14.41) is nothing but the Polyakov action 
in string theory. For a pseudoholomorphic curve /:£—>• M that obeys djf = 0, we thus have the 
identity 

Sp(f ) = l [\\ d f\\l dv oh= f f' B - (4.6) 

This means that any pseudoholomorphic curves minimize the “harmonic energy” Sp(f ) in a fixed 
homology class and so are harmonic maps. In other words, their symplectic area coincides with the 
surface area. Therefore, any pseudoholomorphic curve is a solution of the worldsheet Polyakov action 
Sp(f). For instance, if M = C n with complex coordinates <f l = x 2l ^ 1 + —lx 21 (i = 1,..., n) and 

f e (z , z) = ffz, z), Eq. (14.31) becomes 


d 


d 


dr + ^ da 


<t>'{z,z) = d s <f> t {z,z) = 0. 


(4.7) 


In this case, pseudoholomorphic curves coincide with holomorphic curves. Moreover such curves are 
harmonic and minimal surfaces §| 

The pseudoholomorphic curve also provides us a useful tool to understand the emergent gravity 
picture. To demonstrate this aspect, let us include a boundary interaction in the sigma model (14.41) 
such that the open string action is given by 


Sa(/) = l [ \\df\\ 2 , dvoh + [ fA, 
z J E JdT, 


(4.8) 


9 In the topological A-model that is concerned with pseudoholomorphic maps from E to M = T*N, there is a vanish¬ 
ing theorem |46l stating that J >; f*B = 0. In particular, the mappings from 9E to N are necessarily constant. 
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where the one-form A is the connection of a line bundle L —> M. Using the Stokes’ theorem, the 
second term can be written as 



After combining the identities (14.41) and (14.91) together, we write the action 

s A (f)= [ \\djf\\ 2 g dvoh+ [ f*F, (4.10) 

J £ 

where T = B + F and F = dA. If one recalls the derivation of Eq. (14.41) . one may immediately 
realize that the action S A (f) can equivalently be written as the form of the Polyakov action 

s pW = \ f IM^II g dYol ^i C 4 - 11 ) 

where the differential dip for a smooth map ip : £ —* M has the norm taken with respect to some 
metric Q. For this purpose, let us assume that the almost complex structure J is also compatible with 
the deformed symplectic structure F, i.e., 

6(X, Y) = F(X, JY), VX, Y E X(M) (4.12) 

is a Riemannian metric on M. An explicit representation of the Polyakov action (14.1 II) can be made 
by introducing local coordinates ip (a) = (X 1 , ■ ■ ■ , X 2n ) on an open set f/j C M so that 

m\l = SAWd-g^MTh^). (4.13) 

One can then apply the same derivation of Eq. (14.41) to the action (14.1 II) to derive the identity 

^ J \\ d M\l dvols = J \\djip\\g dvol s + J ip*F. (4.14) 

For pseudoholomorphic curves -0 : £ —> M satisfying djip = 0, we finally get the result 

Sp(ip) = \ J \ W\\g rfvol s = J (4-15) 

The above argument reveals a nice picture that dynamical (7(1) gauge fields in a line bundle L 
over M deform an underlying symplectic structure (M, B ) and this deformation is transformed into 
the dynamics of gravity Q. This is a reincarnation of the duality chain in Fig. Q] indicating the 
gauge-gravity duality. As we observed before, the symplectic geometry is probed by strings while the 
Riemannian geometry is probed by particles. We note that the NC space (11.21 ) defines only a minimal 
area whereas the concept of point is doomed as if h in quantum mechanics introduces a minimal area 
in the NC phase space (12.281) . The minimal area (surface) in the NC space behaves like the smallest 
unit of spacetime blob and acts as a basic building block of string theory. The concept of pseudo¬ 
holomorphic or J-holomorphic curves in symplectic geometry plays a role of such minimal surfaces. 
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It is known ITT71 that there is a nonlinear Fredholm theory which describes the deformations of a 
given pseudoholomorphic curve / : E —> (M, J ) and the deformations are parameterized by a finite¬ 
dimensional moduli space. (This moduli space may be enriched by considering pseudoholomorphic 
curves in an LCS manifold.) When a symplectic manifold is probed with a string or pseudoholomor¬ 
phic curve, the notion of a wiggly string in this probe picture corresponds to the deformation of a 
symplectic structure. Hence the emergence of gravity from symplectic geometry or more precisely 
NC U{ 1) gauge fields may not be surprising because we know from string theory that a Riemannian 
geometry (or general relativity) is emergent from the wiggly string. 

We can think of the integral A(f) = J E f*B in two ways if / is a pseudoholomorphic curve. On 
the one hand, the pointwise compatibility between the structures (13, J ) means that A(f) is essentially 
the area of the image of /, measured in the Riemannian metric g. On the other hand, the condition 
that B is closed means that A( f ) is a topological (homotopy) invariant of the map / since it depends 
only on the evaluation of a closed 2-form B on the 2-chain defined by /(E). Hence we can use 
the curves in two main ways lfl7l . The first way is as geometrical probes to explore a symplectic 
manifold, as we advocated above. The second way is as the source of numerical invariants known 
as the Gromov-Witten invariants. Using the pseudoholomorphic curves, Gromov proved a surprising 
non-squeezing theorem |j43l 1441 [451 stating that a ball B 2n (r) of radius r in a symplectic vector 
space M 2n with the standard symplectic form B cannot be mapped by a symplectomorphism into any 
cylinder B 2 (R ) xR 2 " -2 of radius R if R < r. It is possible to replace K 2n_2 by a (2n—2)-dimensional 
compact symplectic manifold V with 7 t 2 (U) =0. 

Now we will discuss how a NC space provides us an important clue for a background-independent 
formulation of string theory. The NC spacetime is defined by the quantization of a symplectic mani¬ 
fold (M, B ). One may try to lift the notion of the pseudoholomorphic curve to a quantized symplectic 
manifold, namely, a NC space such as Eq. (11.21) . The quantization of a symplectic manifold leads to 
a radical change of classical concepts such as spaces and observables. The classical space is replaced 
by a Hilbert space and dynamical observables become operators acting on the Hilbert space. Then 
the NC spacetime provides a more elegant framework for the background-independent formulation 
of quantum gravity in terms of matrix models, which is still elusive in string theory. We explained 
how the dynamical Lorentzian spacetime (12.561) emerges from a classical solution of the matrix model 
(12.601) . Remarkably, the cosmic inflation described by the metric (11.91) also arises as a vacuum solution 
of the time-dependent matrix model. 

In order to grasp how a pseudoholomorphic curve looks like in NC spacetime, let us consider the 
simplest case in Eq. (14.71) . After quantization, the coordinates of C n denoted by (j) l (z,z) become 
operators in a NC ^-algebra Ag = ^(C 00 ^ 2 )) = C'°°(M 2 ) <g) Ag, i.e., <f> l (z,z ) —>■ (j) l (z,z) e Ag. 
The worldsheet K 2 may be replaced by T 2 or R x S 1 . Let us clarify the notation A 2 e after the Wick 
rotation of the worldsheet coordinate r = it, so M 2 —> M 1,1 . Consider a generic element in the NC 
*- algebra Ag given by 

e A 2 g . (4.16) 
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The matrix representation (12.331) is now generalized to 


OO OO 

f{t,(r,y)= X l n >H/(^0 2/)l m )H = X] fnm(t,<r)\n)(m\ (4.17) 

n,m=l n,m=l 

where the coefficients f nm (t, a) := [f(t, er)] nm are elements of a matrix f(t, a) in *4.^ = ^4 jv(C' 0O (® 1,1 )) 
C'°°(]R 1 ’ 1 ) <g> An as a representation of the observable (14.161) on the Hilbert space (12.121) . Then we 
have an obvious generalization of the duality chain (12.391) as follows: 

A% => A 2 e => D 2 . (4.18) 

The module of derivations is similarly a direct sum of the submodules of horizontal and inner deriva¬ 
tions Il29l : 

D 2 = Hor(^) © ®{A 2 n ) = Hor(^ 2 ) 0 2)(^ 2 ), (4.19) 

where horizontal derivations are locally generated by a vector field 

d d 

k(t,a,y)— + l(t, a,y)— E Hor(^). (4.20) 

It can be shown (210 that the matrix model for the duality chain (14.181) is given by 

S = -4 J dVlv(lFi + l(D^ a ) 2 -l[^,*] 2 ), (4.21) 

where a = 2, • • • , 2n + 1 and o a = (t, a), a = 0,1 and F a p = d a Ap — dpA a — i[A a ,Ap\. 

The n — 4 case is known as the matrix string theory that is supposed to describe a nonperturbative 
type IIA string theory in light-cone gauge 1(191 . The matrix string theory can be obtained from the 
BFSS matrix model via compactification on a circle If22l . To achieve this goal, the BFSS matrix 
model has to have 9 adjoint scalar fields, (a = 1, • • • , 9), unlike the action (12.601) with even 
number of adjoint scalar fields. The reason why we consider only even number of adjoint scalar 
fields is to realize the equivalence (12.671) . In this case, the action (12.601) can be understood as a 
Hilbert space representation of certain NC gauge theory under a symplectic vacuum such as (12.51) 
with rank(7i ) = 2 n. However we do not know a corresponding NC gauge theory whose Hilbert space 
representation precisely reproduces the BFSS matrix model. We will further comment on this issue 
later. Fortunately the matrix string theory (14.211) has 8 adjoint scalar fields for n — 4. Thus it is 
possible to realize it as the Hilbert space representation of (9 +1)-dimensional NC U (1) gauge theory 
with rankf/j) = 8 [l3lf5ll. Therefore it will be interesting to understand how to derive the matrix string 
theory (14.211) from the MQM (12.601) as if the latter has been derived from a contact structure of the 
zero-dimensional matrix model (12.11) . 

The basic idea is similar to the previous scheme to construct the one-dimensional matrix model 
(12.601) through the contact structure of zero-dimensional matrices. A difference is that we start with 
the one-dimensional matrix model (12.601) and introduce an additional contact structure along a spatial 
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direction whose coordinate is called a in our case. Ultimately, the matrix string theory (14.211) can be 
realized as the quantization of a regular 2-contact manifold. See Ref. Ii36l for a general /('-contact 
manifold. First let us consider the projection 7t 2 : R 1,1 x M —> M , 7t 2 (ct",x) = x where M is 
a symplectic manifold with the symplectic form £>0 The regular 2-contact (2 n + 2)-dimensional 
manifold is defined by a quartet (R 1,1 x M, B, rf * ), a = 0,1, where B = 7t 2 E>, such that 

T]° A 77 1 A B n 7 ^ 0 (4.22) 

everywhere and dr) a = 7 Q B with constants 7 “ and dB = 0. Moreover there are uniquely defined two 
Reeb vectors R a (a = 0,1) satisfying 

I'RctV 13 = Bi a B = 0, a,/3 = 0, 1. (4.23) 


The above relations imply 


^Rcjf — 0, £-R a B — 0, [R 0 , i?i] — 0. 


(4.24) 


For example, the contact forms for the matrix string theory (14.211) are given by 


V 


0 



r) 1 = da — -p a dy a , 


(4.25) 


which determines the corresponding Reeb vectors 

r\ r\ 

R o Ri = (4.26) 

These Reeb vectors span the space of horizontal derivations in Eq. (14.201) . 

Since there are two independent contact structures, each contact structure generates its own Hamil¬ 
tonian vector field defined by (IA.42I) . For the contact structures in Eq. (14.251) . they are given by 


V a 


d 
~da “ 


+ A £(t,a,y) 


d 

dyV 


(4.27) 


The quantization of the 2-contact manifold (R 1,1 x M, B, 7") is simple because it is performed using 
the Darboux coordinates (<r Q , y a ). It is basically defined by the quantization of the symplectic mani¬ 
fold (iff, B ) in which cr“ are regarded as classical variables like the time coordinate in the algebra A l 0 . 
After quantization, a generic element of the NC x-algebra A 2 e takes the form (14.161) . Then the module 
D 2 in Eq. (14.191) is generated by 

r\ 

£ 2 = {v A (t,a) = (V a ,V a )(t,a)\V a (t,a) = — + ad^, V a (t, a) = ad ?a }, (4.28) 

10 It is possible to replace K 1,1 x M by a general (2 n + 2(-dimensional manifold N as far as there is a well-defined 
two-dimensional foliation V such that the corresponding space of leaves N/V = M is a Hausdorff differentiable manifold 
j36l . See (1A.24I > for a relevant discussion. We will keep the maximal simplicity for a plain argument. 
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where A = 0,1, ■ • • , 2n + 1 and the adjoint operations are inner derivations of Aj. Finally the 
corresponding Lorentzian metric dual to the matrix string theory (14.211) is given by |3] |5]| 


ds 2 = X 2 t]abv A ®v b = A 2 (rjapda 01 da 13 + v^v^dy^ — A ^)(dy u — A 1 ')), (4.29) 

where A M := A£(t, a, y)da a and A 2 = V), • • • , V 2n + i) is determined by the volume pre¬ 

serving condition, Cy A V(t,a) = 0, with respect to a given volume form 

v (t,o) = dt A da /\v = A 2 dt A da A v 1 A • • • A v 2n . (4.30) 

Let us come back to our previous question about the generalization of pseudoholomorphic curves 
to a quantized spacetime. In order to address this issue, let us consider the Wick rotation t = —ir 
again to return to the Euclidean space. If the quantum version of pseudoholomorphic curves exists, 
Eq. (14.31) suggests that it will also obey the first-order partial differential equations. It is well-known 
[|47j| that the matrix action (14.211) admits such a first-order system. For simplicity, assume that adjoint 
scalar fields mostly vanish except (0 2 , As) ^ 0. It is convenient to use the complex variables 

<t> = </> f = + ifa). (4.31) 

It is not difficult to show that the Euclidean action with 0 a = 0 for a = 4, • • • ,9 can be written as the 

Bogomol’nyi-type, i.e., 

= Ay d-aTt ((iF« - + \D,<t>\ 2 - £>/#))■ (4.32) 

Since the last term is a topological number, the minimum of the action is achieved in the configurations 
obeying 

F z - z + i[<j>, 0 f ] = 0, D~(j) = 0. (4.33) 

Note that the above equations recover Eq. (14.71) in a very commutative limit where [4>\4>] = 0. 
Therefore it is reasonable to identify Eq. (14.331) with the quantum version of pseudoholomorphic 
curves. 

Mathematically Eq. (14.331) is equivalent to the Hitchin equations describing a Higgs bundle li48ll . 
A Higgs bundle is a system composed of a connection A on a principal G-bundle or simply a vec¬ 
tor bundle E over a Riemann surface £ and a holomorphic endomorphism cj) of E satisfying Eq. 
(14.331) . The Hitchin equations describe four-dimensional Yang-Mills instantons on E x R 2 which are 
invariant with respect to the translation group K 2 . (This M 2 is transverse to the Riemann surface, so 
independent of the worldsheet K 2 .) Using the translation invariance, the Yang-Mills instantons can be 
dimensionally reduced to the Riemann surface £ in which Yang-Mills gauge fields along the isometry 
directions become an adjoint Higgs field 0. In our case the gauge group G is U(N). In particular, 
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we are interested in the large N limit, i.e., N —* oo. In this limit, the action (14.321) can be mapped to 
four-dimensional NC U( 1) gauge theory under the Coulomb branch vacuum (0 a ) vac = p a , a = 2, 3 
obeying the commutation relation [p 2 ,p 3 ] = —?7>23- Then the Hitchin equations (14.331) precisely be¬ 
come the self-duality equation for NC U( 1) instantons on M 2 (or £) x Rj; [[4911501 . The corresponding 
gravitational metric for the case n — 1 was already identified in Eq. (14.291) with the analytic con¬ 
tinuation t = —ir. It was shown in lf5Tl [52l 53] that the solution of the Hitchin equations (14.331) is 
dual to four-dimensional gravitational instantons which are hyper-Kahler manifolds. In particular, the 
real heaven is governed by the su{ oo) Toda equation and the self-duality equation for the real heaven 
exactly reduces to the commutative limit of the Hitchin equations (14.331) . See eq. (4.31) in Ref. fl5TTl . 
Thus the Hitchin system with the gauge group G = U(N —> oo) may be closely related to the Toda 
field theory. Indeed this interesting connection was already analyzed in [f54j| . In sum, Hitchin equa¬ 
tions, NC (7(1) instantons, gravitational instantons and pseudoholomorphic curves may be only the 
tip of the iceberg in the matrix string theory (14.211) that have barely shown themselves. 

Let us conclude this section by drawing an invaluable insight. So far we have understood NC 
spacetimes too easily. However the NC spacetime is much more radical and mysterious than we 
thought. It is fair to say that we have not yet fully understood the mathematically precise sense in 
which spacetime should be NC. Indeed we have observed at the outset of this section that NC space- 
time necessarily implies emergent spacetime if spacetime at microscopic scales should be viewed as 
NC. This means that classical spacetime is somehow a derived concept^ Since we form our picture 
of the world by recognizing the NC spacetime as a small deformation of classical symplectic or Pois¬ 
son manifolds, we need an efficient tool to explore the symplectic geometry. The most natural object 
to probe symplectic manifolds is a pseudoholomorphic curve which is a stringy generalization of a 
geodesic worldline in Riemannian geometry liTTl . Recall that the pseudoholomorphic curve is basi¬ 
cally a minimal surface or a string worldsheet embedded into spacetime. However, to make sense of 
the emergent spacetime proposal, we need a mathematically precise framework for describing strings 
in a background-independent way. If it is so, the background-independent theory does not have to 
assume from the outset that strings are vibrating in a preexisting spacetime. In this section we have 
aimed at clarifying how the pseudoholomorphic curves can be lifted to a NC spacetime by the matrix 
string theory. The matrix string theory naturally extends the first-quantized string theory so that it also 
describes the perturbative interactions of splitting and joining of strings, producing surfaces with non¬ 
trivial topology [fT9l . That is, the matrix string theory is a second-quantized theory in which spacetime 
emerges from the collective behavior of matrix strings. Thus we argue that the NC spacetime can be 
viewed as a second-quantized string for the background-independent formulation of quantum gravity, 
which is still elusive in ordinary string theory. 

"This prospect has been recently advocated by Moore in (especially. Sec. 9) “Physical mathematics and the fu¬ 
ture” (available at http://www.physics.rutgers.edu/~gmoore/). See also Segal in “Space and spaces” (available at 
http://www.lms.ac.uk/sites/lms.ac.uk/files/files/About_Us/AGM_talk.pdf) and ll55l . 
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5 Discussion 


We want to emphasize again that NC spacetime necessarily implies emergent spacetime if space- 
time at microscopic scales should be viewed as NC. The NC spacetime is much more radical and 
mysterious than we previously thought. (See Sec. 1 in Ref. [Q for the discussion of this aspect.) 
In order to understand NC spacetime correctly, we need to deactivate the thought patterns that we 
have installed in our brains and taken for granted for so many years. As we argued in Part I, the 
background-independent formulation of quantum gravity requires the concept of emergent spacetime 
that may open a new perspective to resolve the notorious problems in theoretical physics such as the 
cosmological constant problem, hierarchy problem, dark energy, dark matter, and cosmic inflation. 
In particular, the emergent spacetime picture admits a background-independent formulation of infla¬ 
tionary cosmology so that the inflation simply arises as a time-dependent solution of a large N matrix 
model without introducing any inflaton field as well as an ad hoc inflation potential. Therefore it 
brings about radical changes of physics, especially, regarding to physical cosmology. 

In Part II, we have explored the mathematical foundation for the large N duality in Fig. |T]in order 
to elucidate how the large N duality can be applied to physical cosmology. The most remarkable 
aspect of the background-independent formulation for inflationary cosmology is that the cosmic in¬ 
flation is described by large N matrices only without introducing any inflaton field and an ad hoc 
inflation potential. Thus an urgent question is how to make a successful exit from inflation with no 
help of the inflaton field. 

We certainly live in the universe where the inflationary epoch had lasted only for a very tiny pe¬ 
riod in very early times although it is currently in an accelerating phase driven by the dark energy. 
Therefore there should be some relaxation mechanism for the (first-order) phase transition from the 
inflating universe to a radiation-dominated universe. We showed that the former is described by the 
metric (11.121) whereas the latter is described by (12.561) and both arise as solutions of the background- 
independent matrix model (12.601) . In scalar field inflation scenarios, the relaxation mechanism is 
known as the reheating in which the scalar field switches from being overdamped to being under¬ 
damped and begins to oscillate at the bottom of the potential to transfer its energy to a radiation 
dominated plasma at a temperature sufficient to allow standard nucleosythesis [f56il . For this purpose, 
it is necessary to introduce a very ad hoc potential for the inflaton. In our case, however, we have 
introduced neither an inflaton field nor an inflation potential. Nevertheless, the inflation was possible 
since an LCS manifold admits a rich variety of vector fields, in particular, the Liouville vector field 
which generates the inflation 

We do not know the precise mechanism for the graceful exit. Thereby we will briefly speculate a 
plausible scenario only. Let us start with a naive observation. The Lorentzian metric (11.121) describes 
general scalar-tensor perturbations on the inflating spacetime. Since the fluctuations have been super¬ 
posed on the inflating background, we suspect that there may be some nonlinear damping mechanism 
through the interactions between the background and the density fluctuations. To be precise, there 
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may be a cosmic analogue of the Landau damping in plasma physics originally applied to longitu¬ 
dinal oscillations of an electron plasma. The Landau damping in a plasma occurs due to the energy 
exchange between an electromagnetic wave and particles in the plasma with velocity approximately 
equal to phase velocity of the wave and leads to exponentially decaying collective oscillations @ The 
Landau damping may be intuitively understood by considering how a surfer gains energy from the 
sea wave. If the suffer is slightly slower than the wave mode, the mode loses energy to the suffer. For 
the wave to be damped, the wave velocity and the surfer velocity must be similar and then the surfer 
is trapped by the wave. A similar situation may happen in the inflating spacetime (11.121) . Local fluc¬ 
tuations (suffers) on the inflating spacetime (the wave mode) are given by Eq. (11.101) . Note that these 
local fluctuations carry an additional localized energy and this local energy will cause a slight delay 
of the drift of local lumps compared to the inflating background. Moreover these drift delays will 
occur everywhere since (quantum) fluctuations are everywhere. Then this is precisely the condition 
for the Landau damping to occur. If this is true, the inflating mode will transfer its kinetic energy to 
ubiquitous local fluctuations, ending the inflation through an exponential damping and entering to a 
radiation dominated era via the reheating at a sufficiently high temperature for the standard Big Bang. 

The above speculation may be too good to be true. However, it may not be so absurd, considering 
the fact that the cosmic inflation is described by a conformal Hamiltonian system liT5Ul6l which often 
appears in dynamical systems with friction and the transition of such dynamical systems in nonequi¬ 
librium into equilibrium is induced by interactions with environment. For the cosmic inflation, ubiq¬ 
uitous fluctuations over the inflating spacetime will play a role of the environment. Furthermore it 
seems to be a reasonable clue since the underlying theory for emergent gravity is the Maxwell’s elec¬ 
tromagnetism on NC spacetime and the Landau damping can be realized even at a nonlinear level 
lf57l . Therefore it will be important to verify whether the innocent idea can work or not. Probably 
the cosmic Landau damping may be closely related to the instability of de Sitter space suggested by 
Polyakov IRHI . 

Our real world, R 1,3 = I x R 3 , is mystic as ever because the spatial 3-manifold R 3 does not 
belong to the family of (almost) symplectic manifolds. We thus finally want to list possible stairways 
to our real world - the four-dimensional Lorentzian spacetime M .: 

A. Analytic continuation or Wick rotation from R 4 . 

B. Kaluza-Klein compactification M. x S 1 . 

C. Constact manifold (R 3 ,77). 

D. Nambu structure (R 3 , C). 

12 There is a nice exposition on the Landau damping by Werner Herr, “Physics of Landau Damping: An introduction 
(to a mysterious topic),” available at https://indico.cern.ch/event/216963/contribution/41/material/slides/0.pdf. Recently 
the Landau damping has been mathematically established even at the non-linear level ez). 
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Here y is a contact form on M 3 and C = ^C^ydx^ A dx l/ A dx x is a nondegenerate, closed three-form 
on M 3 . In the case (A), the Lorentzian metric is obtained from Eq. (12.271) with n — 2 by the Wick 
rotation y A = iy°. We used this boring method to evaluate the dark energy in Ref. [0. It is also 
straightforward to compactify the (4 + 1)-dimensional Lorentzian metric (12.561) onto S 1 to get the 
result (B). Since the time is also defined as a contact structure, the case (C) has two contact structures 
as the matrix string theory discussed in Sec. 4. It may be interesting to briefly explore some clue 
for the cosmic inflation in the context (C). Let JV = R x I 3 and t e M be the time coordinate and 
ft — f(d) be a positive monotonic function. Define a time-dependent closed two-form on N by 

B t = d\ t = f t {dT A 77 + dy) (5.1) 

where \ t = / t ?7 and T = In f). Since Iff = e 2T dT A 77 A dy is nowhere vanishing, B t is a symplectic 
structure on N. Consider a time-dependent Hamiltonian H : iV -) I such that dH = —e T dT and 
denote the Hamiltonian vector field of H by X R ■ Let R be the Reeb vector field associated with the 
contact form y. Then it is easy to show that 

i R B t = dH , (5.2) 

that is, R = Xjj. A very interesting property is that 



is the Liouville vector field of the symplectic form B t , i.e., By If = If or iy If = \ t . This condition 
can be written as By\\ = A,. One can regard the Liouville vector field Z as the Reeb vector field 
associated with the contact form dT. Since iz{Bf) = e 2T y A dy, the one-form A t gives rise to a 
contact form on every three-dimensional submanifold M C N transverse to Z. Thus we expect that 
the conformal vector field Z will generate an inflationary metric given by 

ds 2 = —dT 2 + e 2T dx ■ dx. (5.4) 

It will be interesting to have a microscopic derivation of the above inflation metric from the matrix 
string theory (14.211) . The approach in Il58l may be useful for this case. Since we have no idea how to 
formulate emergent gravity based on the Nambu structure (D), the last case would remain to be our 
dream. It may be of M-theory origin because it is involved with the 3-form C instead of symplectic 
2-form B. 
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A Locally conformal cosymplectic manifolds 


In this Appendix we briefly review the mathematical foundation of locally conformal cosymplectic 
(LCC) manifolds. It was shown in ll37ll that an LCC manifold can be seen as a generalized phase 
space of time-dependent Hamiltonian system. Thus we argue that the LCC manifold is also a natural 
phase space describing the cosmic inflation of our universe as a direct application of the results in 
Refs. (361133 to emergent gravity. 

First let us consider locally conformal symplectic (LCS) manifolds. An LCS manifold is a triple 
(M, O. b ) where b is a closed one-form and Q is a nondegenerate (but not closed) two-form satisfying 

dn-b Afl = 0 . (A.l) 

The dimension of M will be assumed to be at least 4 and the one-form b is called the Lee form 
(39l . If the Lee form b is exact, the manifold is globally conformal symplectic (GCS). A symplectic 
manifold corresponds to the case with 6 = 0. Locally by choosing b = dX for a local function 
: U a —* M on an open neighborhood U Q , Eq. (IA.1I) is equivalent to d(e~ x{a) Q) = 0, so the local 
geometry of LCS manifolds is exactly the same as that of symplectic manifolds. Thus an LCS form 
on a manifold M is a non-degenerate two-form that is locally conformal to a symplectic form. In 
other words, on an LCS manifold (M, Q, b), there exists an open covering {U a } of M and a smooth 
positive function f Q on each U a such that f a Vt\ Ua is symplectic on U a . Two LCS forms Q and iV 
are said to be (conformally) equivalent if there exists some positive function / such that Q' = /'Q, 
where the Lee form of Q' is just b' — b + d In /. An interesting example (59ll is provided by the Hopf 
manifolds that are diffeomorphic to S 1 x § 2n_1 and have a locally conformal Kahler metric while they 
admit no Kahler metric. 

An LCS manifold can be seen as a generalized phase space of Hamiltonian dynamical systems 
since the form of the Hamilton’s equations is preserved by homothetic canonical transformations. Let 
us recapitulate how the LCS manifolds naturally arise from the Hamiltonian dynamics of particles. 
Consider a dynamical system with n degrees of freedom so that its phase space is a 2n-dimensional 
differentiable manifold M endowed with an open covering of coordinate neighborhoods {U a } a& i 
with local coordinates {qX , pC' ); * = 1, ■ ■ ■ ,n. Then we know that the dynamics consists of the 
orbits of a Hamiltonian vector field X H . Every point of M has an open neighborhood U a with the 
local Darboux coordinates (q^yP^)- One can restrict the Hamiltonian H and a nondegenerate 
two-form u to each U a to have a local Hamiltonian H a = H a {q) a \ , Jq ) and a symplectic structure 
u) a = dq' (cy) A d'p\ n} . Similarly the globally defined Hamiltonian vector field X H is restricted to U a 
which is precisely given by X Ha . Then the orbits are defined by the Hamilton’s equations 

d( l\c*) = dH a dpf ] = dH a 
dt dpf ] ’ dt d(f {a) ' 

When one takes the coordinate chart definition of symplectic manifolds, there is no compulsory 
reason why one should require the two-form u to be closed. Indeed, the Hamiltonian formulation of 
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particle dynamics consists in asking the local forms u a and local functions H a to glue up to a global 
symplectic form u and a global Hamiltonian H. However, since the dynamical information is given 
by a global vector field, it is more natural to only require that the transition functions 


q\p) =qia) fata),Pi a) ), 



(A.3) 


on an overlap U a fl Up ^ 0 preserve the form of the Hamilton’s equations (IA.2I) . This happens not 
only if Eq. (IA.3I) implies 


up = dq[p } A dpf ] = dq\ a) A dp[ a) = u a , Hp = H a , (A.4) 


where H a : U a —> M, a G /, but also if it implies 


up Xp a u a , Hp Xp a Hor, 

where Xp a = constant 7 0. Since L(X Ha )u a = dH a , from Eq. (IA.5I) we obtain 


(A.5) 


X Ha - X Hp , 


(A. 6 ) 


so the integral curves of Xn a and Xh p are the same. Furthermore, Eq. (IA.5I) implies the cocycle 
condition 

X'ypXp a A 

7 a (A.7) 


as the gluing condition. We know that the cocycle condition (IA.7I) implies the existence of the local 
functions a a : U n —r R satisfying 


A 


(f a 



(A. 8 ) 


Thus Eq. (IA.5I) shows that 


u = e aa u a , H = e rJa H a (A.9) 

are globally defined on M. Moreover a Hamiltonian vector field is globally defined, i.e. X H = X Ha , 
as was indicated in Eq. (IA. 6 I) . Hence we have a basic line bundle L over M and a Hamiltonian H 
as a cross-section of L (a “twisted Hamiltonian”) instead of a simple function. Therefore (M, u) is 
an LCS manifold that can be considered as a natural phase space of Hamiltonian dynamical systems, 
more general than the symplectic manifolds. 

As we explained in Sec. 2, the realization of emergent geometry is intrinsically local too. The 
emergent geometry is constructed by gluing local Darboux charts and their local Poisson algebras. 
Therefore the construction of an LCS manifold as a generalized phase space for particle dynamics 
should also be applied to the emergent geometry. Therefore it is helpful to briefly review infinitesimal 
automorphisms of an LCS manifold (M, Q, b ). The infinitesimal automorphism (IA) will be denoted 
by 21^. Let C°°(M) denote the associative algebra of smooth functions on M and / : M —> R be 
such a globally defined function. The Hamiltonian vector field Xf of f E C°°(M ) with respect to the 
LCS form Q is defined by 

L(X f )n = df - fb. (A. 10 ) 
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As we observed above, there is a well-defined line bundle L over M in which local functions f a = 
e~ aa f on a patch U a C M correspond to sections of L —y U a . If we take the Lee form on U a as 
b\ u a = da a , Eq. (IA. 101) refers to the usual (local) Hamiltonian vector field Xf a — Xf defined by 

i(X fa )n a = df a (A. 11) 

where Q a = e~ aa Vl. Using the Cartan formula for the Lie derivative 

Cx = dix + t'xd, (A. 12) 

one can immediately deduce from Eqs. (IA. 1 1) and (IA. 101) that 

= b(X f )n, (A.13) 

C Xf b = db(X f ). (A. 14) 

Therefore, unlike the symplectic case, the Hamiltonian vector field Xf is in general not an IA of LCS 
manifolds. 

Using the Hamiltonian vector fields defined by Eq. ( IA.10I) . we define the Poisson bracket 

{/, = t(X f )i(X g )n = -n(X f ,X g ) = e^i{X fo )t{X g JO* = e^{f a: g a U a . (A.15) 

Then we can calculate the double Poisson bracket 

{{f,g}n,h} n = X h (£l(X f ,X g )) - b(X h )n(X f ,X g ). (A.16) 

Using this result, it is easy to check the Jacobi identity of the Poisson bracket: 

{{/, gh, h}n + {{g, h} n , /}n + {{h, f} n , g}n = {dfl - b Afi) (. X f , X g , X h ) = 0. (A.17) 

Let ^3 = (C'°°(M), { —, —}n) be the Poisson-Lie algebra of (M, U) and X{M) the Lie algebra of 
vector fields of M. The result (IA. 151) shows that the mapping f) : —y X(M) given by / i —Xf is a 
Lie algebra homomorphism because one can derive the relation 

X [M „ = [Xf, X g ] (A.18) 

from the Jacobi identity (IA.17I) . However, if (M, Q) is a (connected) LCS manifold that is not GCS, 
then J5 must be a monomorphism, i.e., an injective homomorphism. See the Proposition 2.1 in |[36l| for 
the proof. This means that Xf = 0 implies / = 0. This is in stark contrast to symplectic manifolds, 
in which Xf = 0 just implies / = constant. Since we argue that the phase space for cosmic inflation 
is a locally conformal (co)symplectic manifold, this implies a desirable property that vacuum energy 
couples to gravity and triggers cosmic inflation. However, it does not mean that the cosmological 
constant problem threatens the emergent gravity because physical quantities during inflation are not 
constant but time-dependent as we noted before. 
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Let us denote the IA of (M, Q) by X A (M) whose elements obey CxA = 0. Then we have C\b = 
0 by Eq. (IA.1I) which implies the condition b(X) = constant. In particular, if A", Y G Xq(M), then 
b(X) = constant, b(Y) = constant and db{X, Y ) = 0 yields b([X, Y]) = 0 using the formula 

db(X,Y) = X(b(Y)) - Y(b(X)) - b([X,Y}). (A.19) 

Hence, the application l : Xq(M) —> M defined by /(A) = b(X) is a Lie algebra homomorphism, 
called the Lee homomorphism of Xq(M). The kernel ker(Z) is the Lie algebra of the horizontal 
elements of Xq(M), denoted by £^ or (M). The IA X G Xq(M) with /( X) ^ 0 is called transversal 
IA and an LCS manifold M is called the first kind if it has a transversal IA. Otherwise, M is of 
the second kind and the Lee homomorphism is trivial. Note that, if (M, Q) is of the first kind and 
/ : M —> M is a function such that df\ Xo = b(x o), then (M, e~^Q) has the Lee form b — df with a 
vanishing point, so it becomes an LCS manifold of the second kind. 

There is a special vector field A defined by l a Q = b. Then it is easy to see 

i A b = 0, C A b = 0, Ca^L = 0. (A.20) 

We do have Xf G Xq(M) if and only if b(Xj) = 0 according to Eq. (IA. 131) or equivalently b(Xj) = 
ix f iAA = —t A (df — fb ) = —A(f) = 0. Let us fix an element B G Z _1 (l) C Xq(M). Then every 
element Y in Xq(M) has a unique decomposition 

Y = X + l(Y)B, X G 3^ or (M). (A.21) 

Now, put a = so a(B ) = 0 and a(A) = lb^a^ = b(B) = 1. Since Cb^I = (tBd + dL B )^l = 0, 

this yields a particular expression for 0 given by 

Vt = da~b/\a = d^a, (A.22) 

where db is the Lichnerowicz differential defined by db/3 = d/3 — b A /3 for any fc-form f3 and satisfies 
dl = 0. Lurthermore, using the formula [£ x Xy] = l [x,y] f° r vector fields X and Y, we have 
£b <2 = 0, hence Lsda = 0 that means rank da < 2 n. Since Q n ^ 0, one can deduce from Eq. (1A.22I) 
the condition 

b A a A ( da) n ~ l ^ 0 (A.23) 

everywhere. This yields the Proposition 2.2 in Ref. If36l that a manifold M of dimension 2 n admits an 
LCS structure of the first kind if and only if it admits two one-forms a, b such that db = 0, rank da < 
2 n and Eq. (1A.23I) holds at every point of M. Note also that i A da = + b A a) = b — a{A)b = 0. 

This means that [A, B] = 0 because i A da = C A a = —C A t B ^ = —t[A,B]& = 0. In sum, there exist 
particular vector fields A and B in Xq(M) that obey 

[A, B] = 0, a{A) = b(B) = 1, a(B) = b(A) = 0. (A.24) 

Thus one can obtain on M the vertical foliation V = span{A, B}, whose leaves are the orbits of a 
natural action of M 2 . 
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Suppose that (M, Q) is an LCS manifold of the first kind and B is a basic transversal IA. Let 
X('” r ( M, B ) be the Lie subalgebra of j£^ or (M) whose automorphisms also preserve B. It turns out 
that X E £Q° r (M, B) if and only if C x ^L = 0, b(X ) = 0 and [X, B] = 0. Similarly consider 
the subset of C°°(M ) that consists of functions satisfying A(f ) = B(f) = 0 and is denoted by 
Cy(M). Then one can show that = (C'y’(M), { —, —}o) is a Poisson-Lie subalgebra of ^ and 
T) : —>■ X^ or (M, B ) is an isomorphism. A striking fact is that a semi-simple Lie group G cannot 

act transitively on a nonsymplectic LCS manifold. 

The formula (IA.13I) proves that a Hamiltonian vector field is a conformal infinitesimal transfor¬ 
mation (CIT) of (M, Q). In general, a vector field X is a CIT if 

jCx^ = a x ^d (A.25) 

where ax is a function on M. The CIT forms a Lie algebra denoted by Xq(M). By differentiating 
Eq. (IA.25I) . one can derive that C x b = da x , which implies 

a x — b(X) + k, k — constant. (A.26) 

One can rewrite Eq. (IA.25I) as 

kBI = d b (L X ti). (A.27) 

Thus an LCS form 0 is <£-exact if there is a CIT X. Or it can be written in terms of a local symplectic 
form Q a = e~ aa Bt as 

(a x -b(X))n a . (A.28) 

That is, the local form of the CIT is given by 

Bx^a = kO q . (A.29) 

If we write Cl a = dA^ on an open neighborhood U a according to the Poincare lemma, Eq. (1A.29I) 
can be written as the form Ifl6l 

^^4(a) T df a , (A.30) 

where f a : U a —> M is a smooth function on U Q . If the conditions (IA.29I) and ( I A. 301 ) hold either 
locally or globally, we will call X a conformal vector field which plays an important role in our 
discussion. If H 1 (M) = 0, the conformal vector field X has a unique decomposition given by 

X = kZ T Xj, (A.31) 

where i z ( A = A and l Xj 11 = df. The vector field Z is called the Liouville vector field ltl5ll . Note that, 
even though f = 0 identically, the conformal vector field X = kZ is nontrivial and it is generated by 
the open Wilson line (11.81) in our case 0]. We observed in Sec. 3 that this remarkable property leads 
to a desirable consequence for the cosmic inflation. 

We can extend the Lee homomorphism to l : X^(M) —> R by defining l(X) = b(X) — a x = 
— k. If X,Y E Xq(M), we get a [x , Y ] = X(b(Y)) - Y(b(X)) from C [A',yj - - — Qjx.yjO and so 
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/([A", Y}) = b([X. Y]) — a\x.Y\ = —db(X. Y) = 0 using the formula (IA.19I) . Hence the extended / is 
also a Lie algebra homomorphism. Its kernel is denoted by ker l = £^ am (M) and consists of vector 
fields X to obey Cx^a = 0, i.e., of locally Hamiltonian vector fields. Note that l(X) for Q = e v Vl 
is equal to /(A) for fi. Thus the Lee homomorphism / is conformally invariant. If we fix an element 
C e l~ 1 ( 1), we can get for every Y e Xq(M) the unique decomposition 

Y = X + l(Y)C, l 6 l' am (M). (A.32) 

Then, if c = —Lc^l, we can solve Cc^l = {icd + dic)Sl = to get a particular expression for 
given by 

Q = dc — b Ac = dbC. (A.33) 

In a conservative dynamical system described by a Hamiltonian vector field, time coordinate t is 
not a phase space coordinate but an affine parameter on particle trajectories. But, for a general time- 
dependent system, it is necessary to include the time coordinate as an extra phase space coordinate. 
The corresponding (2 n + 1)-dimensional manifold is known as an almost cosymplectic manifold 
which is a triple (iff, 0, rf) where fl and r / are a two-form and a one-form on iff such that p A Q n ^ 0. 
If and p are closed, i.e., dd, = dr/ = 0, then iff is said to be a cosymplectic manifold. Thus an 
odd-dimensional counterpart of a symplectic manifold is given by a cosymplectic manifold, which is 
locally a product of a symplectic manifold with a circle or a line. A contact manifold constitutes a 
subclass of cosymplectic manifolds with Q = dr]. Then the one-form r] is called a contact structure 
or a contact one-form. Given a contact one-form r], there is a unique vector field R such that lrT] = 1 
and l r Q = 0. This vector field R is known as the Reeb vector field of the contact form 77 . Two contact 
forms 77 and 77 ' on M are equivalent if there is a smooth positive function p on M such that 77 ' = pp, 
since 77 ' A ( dp') n = p n+l 77 A (dp) n 7 ^ 0. The contact structure C ( 77 ) determined by 77 is the equivalence 
class of 77 . 

The Darboux theorem for a contact manifold (iff, 77) states that, in an open neighborhood of each 
point of M, it is always possible to find a set of local (Darboux) coordinates (x 1 , - ■■ , x n , yi, ■ ■ ■ ,y n ,z) 
such that the one-form 77 can be written as 

n 

77 = dz — V yidx 1 (A.34) 

2—1 

and the Reeb vector field is given by 

d 

R = 7 T- (A.35) 

oz 

To understand the contact one-form 77 more closely, first let us denote by V the contact distribution or 
subbundle defined by the kernel of 77 . If X, Y are (local) vector fields in V, we have 

d,i(X, Y ) = X{,,(¥)) - Y(n(X)) - i)([X, 1']) = Y)). (A.36) 

This says that the distribution is integrable if and only if dp is zero on D. However the condition 
77 A ( dp) n =b 0 means that the kernel of dp is one-dimensional and everywhere transverse to V. 
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Consequently, dr] is a linear symplectic form on V and the largest integral submanifolds of V are 71 - 
dimensional, so maximally non-integrable. In other words, a contact structure is nowhere integrable. 
In the above Darboux coordinate system, the contact subbundle V is spanned by 

d d d 

= +^7T’ Yl = (A.37) 

ox 1 oz oyi 

so they obey the bracket relations 

[X,, Y j ] = -8{R, [X t , R] = [Y\ R] = 0. (A.38) 

Since dr] = Y^=i d x% A dy, is a symplectic form with rank 2 77 , the kernel of dr] is one-dimensional 
and generated by the Reeb vector R. Therefore every vector field X on M can be uniquely written 
as X = fR + Y where / E C°°(M) and Y is a section of V. A contact structure is regular if R is 
regular as a vector field, that is, every point of the manifold has a neighborhood such that any integral 
curve of the vector field passing through the neighborhood passes through only once. 

Given a (277 — 1)-dimensional contact manifold M with a contact form a, i.e. a A (da ) n_1 7 ^ 0, 
one can construct an LCS manifold by considering a principal bundle p : V —>• M with group S 1 
over M. Consider V = S 1 x M endowed with the form Q = da — b A a = dba, where b is the 
canonical one-form on S 1 . Clearly, Q is nondegenerate and b is closed but not exact. And it obeys 
dCl — b A Cl = db^l = dfa = 0. Hence, (V, O) is an LCS manifold having b as its Lee form but it 
is not GCS. More generally, let p \ V —>■ M be an arbitrary principal bundle with group §' over a 
(277 — 1)-dimensional manifold M. And let a be the connection one-form on this principal bundle and 
F = da be the corresponding curvature two-form. Then, if b A a A F n ~ l =d 0, the form Q = F — bf\ a 
defines an LCS structure on V which is not GCS. 

Let £(M) and A 1 (M) be the C'°°(M)-modulcs of differentiable vector fields and one-forms on M, 
respectively. If (M, Q, y) is a cosymplectic manifold, then there exists an isomorphism of C°°(M)- 
modules 

T : £(M) —>• A 1 (M) (A.39) 

defined by 

T(X) — l x Q + r){X)r). (A.40) 

The Reeb vector field is given by R — T _1 (?/). Let / : M —> M be a smooth function on M. The 
Hamiltonian vector field Xf is then defined by 

r{X f ) = df-R{f)ri + r]. (A.41) 

In other words, Xf is the vector field characterized by the identities 

i(X f )n = df- R{f)r], 7 ]{X f ) = 1. (A.42) 

Then one can check that the time-like vector field Vo in Eq. (12.591) is a Hamiltonian vector field for 
a cosymplectic manifold (R x M, n^B, dt) where 7 t 2 : R x M —> M and (M, B) is a symplectic 
manifold. 
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An almost cosymplectic manifold (M, rj) is said to be LCC, if there exist an open covering 
{U a }aei and local functions <r a : U a —> M such that 

d(e~ aa ft) = 0, d(e~ aa ri) = 0. (A.43) 

The local one-forms da a glue up to a closed one-form b satisfying 

dfl — b A ft = df,fl = 0, drj — b A r/ = db?] = 0. (A.44) 

Two LCC structures (O', 7 /) and (ft, rf) are equivalent if ft' = /ft and rf = frj for a positive function / 
on M where the Lee form of ft' is given by b' = b+dlnf. An LCC manifold reduces to a cosympletic 
manifold if the Lee form b vanishes while it becomes an LCS manifold if 77 = 0 identically. The 
isomorphism (1A.40I) can be generalized to LCC manifolds and the corresponding Hamiltonian vector 
field is defined by 

X f = T - 1 (df - R(f) V + V )+fS (A.45) 

where S is called the canonical vector field defined by 

T (S) = b(R)r) - b. (A.46) 

Therefore, Xf is characterized by the identities 

t(Xf)n = df- R(f)n + f {b(R)v - b), v(X f ) = 1 . (A.47) 

It was shown in ||37l that an LCC manifold can be seen as a generalized phase space of time-dependent 
Hamiltonian systems. Hence we argue that an LCC manifold also corresponds to a generalized phase 
space for an inflationary universe and its quantization realizes a background-independent formulation 
of the cosmic inflation, in particular, in the context of emergent spacetime. 


B Harmonic oscillator with time-dependent mass 

We observed that the NC spacetime Mf/ 1 in equilibrium is described by the Hilbert space of an n- 
dimensional harmonic oscillator while the inflating spacetime in nonequilibrium is described by the 
n-dimensional harmonic oscillator with a negative friction. The corresponding harmonic oscillator of 
constant frequency u and friction coefficient a satisfies the equation 

+ 2aq i + u 2 q i = 0, i = (B.l) 

The inflationary coordinates (13.141) correspond to the case a = -f < 0. It is known that the above 
second-order equation of motion cannot be directly derived from the Euler-Lagrange equation of any 
Lagrangian. However, there is an equivalent second-order equation 

e 2at + 2aq i + ^V) = 0, (B.2) 
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for which a variational principle can be found lf60l . Although Eq. (IB. II) is traditionally considered to 
be non-Lagrangian, there exists an action principle for the equation of motion ( IB.21 ) in terms of the 
Lagrangian 

L = ^m(q 2 - u 2 q 2 )e 2at . (B.3) 

The corresponding Hamiltonian is given by 

H = — {e~ 2at p 2 + e 2at m 2 u 2 q 2 ) (B.4) 

2 m 

where jp = mq l e 2at . 

It is interesting to notice that the equation of motion (IB.2I) can be derived from an n-dimensional 
harmonic oscillator with a time-dependent mass m[t) whose action is given by 


S 


1 

2 


dt(m{t)q 2 


k(t)q 2 ) 


(B.5) 


where k(t) = m(t)u ; 2 with constant frequency u. The variational principle, 5S = 0, with respect to 
arbitrary variations 5q l leads to the equation of motion 

m{t) U + + u 2 q l ) = 0. (B.6) 

The second-order equation (IB .21) corresponds to the case 

—pr = 2a => m(t) = m 0 e 2at . (B.7) 

m(t) 

Recall that the equation of motion for the inflaton field corresponds to the case with the time-dependent 

mass m(t) = m 0 e 3Ht . 

There is also the first-order formalism for the dynamical system (IB.51) . The action has the form 

S = i/*(»±-«i-(y’ + 2ax» +*»*>))«“. (B.8) 

The equations of motion derived from the action (IB.8I) are given by 


(y + 2 ay + u 2 x)e 2at =0, (x — y)e 2at = 0. 


(B.9) 


The above action (IB.8D describes a singular system with second-class constraints 

^x=Px-^ye 2a \ (j)y = Py + ^xe 2at (B.10) 

with the Hamiltonian 

H(x,y,t) = ^{y 2 + 2axy+ u 2 x 2 )e 2at . (B.ll) 

Even though the constraints are explicitly time-dependent, it is still possible to apply the Hamiltonian 
formalism with the help of Dirac brackets and perform the canonical quantization of the system. It 
was shown in 11601 that the classical and quantum description of the harmonic oscillator described 
by the action (IB.5b is equivalent to the first-order approach given in terms of the constraint system 
described by the action (IB,81 ). Furthermore it can be proved that the dynamical system described by 
Eq. (IB,2b is locally (i.e., \t\ < oo) equivalent to the system with the equation of motion ( IB. II) . 


41 


























References 


[1] H. S. Yang, Emergent spacetime and cosmic inflation I, [arXiv: 1503.00712J. 

[2] H. S. Yang, Highly effective action from large N gauge fields, Phys. Rev. D 90 (2014) 086006, 
[arXiv: 1402.5134], 

[3] H. S. Yang, Quantization of emergent gravity, Int. J. Mod. Phys. A 30 (2015) 1550016, 
[arXiv: 1312.05 80J. 

[4] H. S. Yang, Emergent spacetime and the origin of gravity, J. High Energy Phys. 05 (2009) 012, 
[arXiv:0809.4728|. 

[5] J. Lee and H. S. Yang, Quantum gravity from noncommutative spacetime, J. Korean Phys. Soc. 
65 (2014) 1754, [arXiv: 1004.0745J. 

[6] N. Ishibashi, S. Iso, H. Kawai and Y. Kitazawa, Wilson loops in noncommutative Yang-Mills, 
Nucl. Phys. B 573 (2000) 573, [hep-th/9910004]; S. R. Das and S.-J. Rey, Open Wilson lines in 
noncommutative gauge theory and tomography of holographic dual supergravity, Nucl. Phys. 
B 590 (2000) 453, [hep-th/0008042]; D. J. Gross, A. Hashimoto and N. Itzhaki, Observables of 
noncommutative gauge theories, Adv. Theor. Math. Phys. 4 (2000) 893, [hep-th/0008075]. 

[7] D. Berenstein, Large N BPS states and emergent quantum gravity, J. High Energy Phys. 01 
(2006) 125, [hep-th/0507203]; D. E. Berenstein, M. Hanada and S. A. Hartnoll, Multi-matrix 
models and emergent geometry, J. High Energy Phys. 02 (2009) 010, [arXiv:0805.4658J. 

[8] H. Steinacker, Emergent gravity from noncommutative gauge theory, J. High Energy Phys. 12 
(2007) 049, [arXiv:0708.2426|; Emergent geometry and gravity from matrix models: an intro¬ 
duction, Class, and Quant. Grav. 27 (2010) 133001, [arXiv: 1003.4134J. 

[9] R. J. Szabo, Symmetry, gravity and noncommutativity. Class, and Quant. Grav. 23 (2006) R199, 
[hep-th/0606233]; J. Nishimura, The origin of space-time as seen from matrix model simula¬ 
tions, Prog. Theor. Exp. Phys. 2012 (2012) 1A101, [arXiv: 1205.6870]. 

[10] H. S. Yang, Emergent gravity from noncommutative spacetime, Int. J. Mod. Phys. A 24 (2009) 
4473, [hep-th/0611174]. 

[11] H. S. Yang, Emergent geometry and quantum gravity, Mod. Phys. Lett. A 25 (2010) 2381, 
[arXiv:1007.1795]. 

[12] J. J. Heckman and H. Verlinde, Instantons, twistors, and emergent gravity, [arXiv:1112.5210J. 


42 


[13] F. Ferrari, Emergent space and the example of AdS$ x S 5 , Nucl. Phys. B 869 (2013) 31, 
[arXiv: 1207.0886]; F. Ferrari, M. Moskovic and A. Rovai, Examples of emergent type IIB back¬ 
grounds from matrices, Nucl. Phys. B 872 (2013) 184, [arXiv:1301.3738J; F. Ferrari, Gauge 
theories, D-branes and holography, Nucl. Phys. B 880 (2014) 290, ]arXiv:1310.6788]. 

[14] A. Borde, A. H. Guth and A. Vilenkin, Inflationary spacetimes are incomplete in past directions, 
Phys. Rev. Lett. 90 (2003) 151301, [gr-qc/0110012], 

[15] P. Libermann and C.-M. Marie, Symplectic geometry and analytic mechanics, Reidel, Dordrecht 
(1987). 

[16] R. McLachlan and M. Perlmutter, Conformal Hamiltonian systems, J. Geom. Phys. 39 (2001) 
276. 

[17] S. K. Donaldson, What is a pseudoholomorphic curve?. Notices of the AMS 52 (2005) 1026. 

[18] L. Motl, Proposals on nonperturbative superstring interactions, [hep-th/9701025 ]; T. Banks 
and N. Seiberg, Strings from matrices, Nucl. Phys. B 497 (1997) 41, [hep-th/9702187 ]; M. Li, 
Strings from IIB matrices, Nucl. Phys. B 499 (1997) 149, [hep-th/9612222]. 

[19] R. Dijkgraaf, E. Verlinde and H. Verlinde, Matrix string theory, Nucl. Phys. B 500 (1997) 43, 
[hep-th/9703030], 

[20] N. Ishibashi, H. Kawai, Y. Kitazawa and A. Tsuchiya, A large-N reduced model as superstring, 
Nucl. Phys. B 498 (1997) 467, [hep-th/9612115]. 

[21] P. A. M. Dirac, The principle of quantum mechanics, 4th ed., Oxford Univ. Press (1958). 

[22] W. Taylor, M(atrix) theory: matrix quantum mechanics as a fundamental theory. Rev. Mod. 
Phys. 73 (2001) 419, [hep-th/0101126]. 

[23] P. Griffiths and J. Harris, Principles of algebraic geometry, John Wiley, New York (1978). 

[24] V. I. Arnold, Mathematical methods of classical mechanics, Springer (1978); R. Abraham and 
J. E. Marsden, Foundations of mechanics, Addison-Wesley (1978). 

[25] B. Jurco, P. Schupp and J. Wess, Noncommutative line bundle and Morita equivalence, Lett. 
Math. Phys. 61 (2002) 171, [hep-th/0106110]; H. Bursztyn and S. Waldmann, The characteristic 
classes of Morita equivalent star products on symplectic manifolds, Commun. Math. Phys. 228 
(2002) 103, 1 math.QA/0106178]. 

[26] F. J. Dyson, Feynman’s proof of the Maxwell equations. Am. J. Phys. 58 (1990) 209. 

[27] S. Sternberg, Minimal coupling and the symplectic mechanics of a classiccd particle in the pres¬ 
ence of a Yang-Mills field, Proc. Natl. Acad. Sci. USA 74 (1977) 5253. 


43 


[28] N. Seiberg and E. Witten, String theory and noncommutative geometry, J. High Energy Phys. 
09 (1999) 032, [hep-th/99081421. 

[29] S. Azam, Derivations of tensor product algebras, Commun. Alg. 36 (2008) 905, 
[math/0504368J. 

[30] H. S. Yang, Towards a backround independent quantum gravity, J. Phys. Conf. Ser. 343 (2012) 
012132, [arXiv:l 111.0015]. 

[31] T. Banks, W. Fischler, S. H. Shenker and L. Susskind, M theory as a matrix model: A conjecture, 
Phys. Rev. D 55 (1997) 5112, [hep-th/9610043], 

[32] M. E. Tuckerman, Y. Liu, G. Ciccotti and G. J. Martyna, Non-Hamiltonian molecular dynam- 
cis: Generalizing Hamiltonian phase space principles to non-Hamiltonian systems, J. Chem. 
Phys. 115 (2001) 1678; J. D. Ramshow, Remarks on non-Hamiltonian statistical mechanics, 
Europhys. Lett. 59 (2002) 319. 

[33] G. E. Ezra, Geometric approach to response theory in non-Hamiltonian systems, J. Math. Chem. 
32 (2002) 339; On the statistical mechanics of non-Hamiltonian systems: the generalized Liou- 
ville equation, entropy, and time-dependent metrics, J. Math. Chem. 35 (2004) 29. 

[34] A. Bravetti and D. Tapias, Liouville’s theorem and the canonical measure for nonconservative 
systems from contact geometry, J. Phys. A: Math. Theor. 48 (2015) 245001, [arXiv: 1412.0026]. 

[35] M. E. Tuckerman, Statistical mechanics: Theory and molecular simulations, Oxford Univ. Press, 
New York (2010). 

[36] I. Vaisman, Locally conformed symplectic manifolds, Intemat. J. Math. & Math. Sci. 8 (1985) 
521. 

[37] D. Chinea, M. de Leon and J. C. Marrero, Locally conformal cosymplectic manifolds and time- 
dependent Hamiltonian systems, Comment. Math. Univ. Carolin. 32 (1991) 383. 

[38] G. Bande and D. Kotschick, Moser stability for locally conformcdly symplectic structures, Proc. 
Amer. Math. Soc. 137 (2009) 2419, [arXiv:0811.0621], 

[39] H. C. Lee, A kind of even dimensional differential geometry and its application to exterior cal¬ 
culus, Amer. J. Math. 65 (1943) 433. 

[40] S. W. Hawking and G. F. R. Ellis, The Large Scale Structure of Space-Time, Cambridge Univ. 
Press, Cambridge (1973). 

[41] A. M. Polyakov, De Sitter space and eternity, Nucl. Phys. B 797 (2008) 199, [arXiv:0709.2899|; 
Decay of vacuum energy, Nucl. Phys. B 834 (2010) 316, [arXiv:0912.5503]. 


44 


[42] B. Carr and G. Ellis, Universe or multiverse?, Astronomy & Geophysics 49 (2008) 2.29. 

[43] M. Gromov, Pseudo-holomorphic curves in symplectic manifolds, Invent. Math. 82 (1985) 307. 

[44] D. McDuff and D. Salamon, Introduction to symplectic topology, 2nd. ed., Oxford Univ. Press, 
Oxford (1998). 

[45] Y.-G. Oh, Symplectic topology and Floer homology, available at 
http://www.math.wisc.edu/~oh/; C. Wendl, Lectures on holomorphic curves in symplec¬ 
tic and contact geometry, [arXiv: 1011.1690]. 

[46] E. Witten, Chern-Simons gauge theory as a string theory. Prog. Math. 133 (1995) 637, 
[hep-th/9207094]. 

[47] S. B. Giddings, F. Hacquebord and H. Verlinde, High-energy scattering and D-pair creation in 
Matrix string theory, Nucl. Phys. B537 (1999) 260, [hep-th/9804121 ]; G. Bonelli, L. Bonora 
and F. Nesti, Matrix string theory, 2D SYM instantons and affine Toda systems, Phys. Lett. B 
435 (1998) 303, [hep-th/9805071], 

[48] N. J. Hitchin, The self-duality equations on a Riemann surface, Proc. London Math. Soc. 55 
(1987) 59; Stable bundles and integrable systems, Duke Math. J. 54 (1987) 91. 

[49] N. Nekrasov and A. Schwarz, Instantons on noncommutative M 4 , and (2, 0) superconformal six 
dimensional theory, Commun. Math. Phys. 198 (1998) 689, [hep-th/9802068]; K. Y. Kim, B.-H. 
Lee and H. S. Yang, Comments on instantons on noncommutative M 4 , J. Korean Phys. Soc. 41 
(2002) 290, [hep-th/0003093], 

[50] K.-Y. Kim, B.-H. Lee and H. S. Yang, Noncommutative instantons on x M^, Phys. Lett. B 
523 (2001) 357, [hep-th/0109121 ]. 

[51] S. Lee, R. Roychowdhury and H. S. Yang, Notes on emergent gravity, J. High Energy Phys. 09, 
030 (2012) [arXiv: 1206.0678], 

[52] H. S. Yang, Instantons and emergent geometry, Europhys. Lett. 88 (2009) 31002, 
[ hep-th/06080131. 

[53] H. S. Yang, Noncommutative electromagnetism as a large N gauge theory, Eur. Phys. J. C 64 
(2009) 445, [arXiv:0704.0929]. 

[54] E. Aldrovandi and G. Falqui, Geometry of Toda fields on Riemann surfaces, J. Geom. Phys. 17 
(1995)25, [hep-th/9312093], 

[55] G. W. Moore, What is a brane?. Notices of the AMS 52 (2005) 214. 


45 


[56] A. H. Guth, Eternal inflation and its implications, J. Phys. A 40 (2007) 6811, [hep-th/0702178]; 
A. Linde, Inflationary cosmology, Lect. Notes Phys. 738 (2008) 1, [arXiv:0705.0164|. 

[57] C. Mouhot and C. Villani, On Landau damping, Acta Mathematica 207 (2011) 29, 
[ arXiv:0904.2760]. 

[58] S.-W. Kim, J. Nishimura and A. Tsuchiya, Expanding (3+l)-dimensional universe from 
a Lorentzian matrix model for superstring theory in (9+l)-dimensions, Phys. Rev. Lett. 
108 (2012) 011601, [arXiv: 1108.1540]; Expanding universe as a classical solution in the 
Lorentzian matrix model for nonperturbative superstring theory, Phys. Rev. D 86 (2012) 
027901, |arXiv:1110.4803|; Late time behaviors of the expanding universe in the IIB matrix 
model, J. High Energy Phys. 10 (2012) 147, [arXiv: 1208.0711]. 

[59] I. Vaisman, On locally conformal almost Kahler manifolds, Israel J. Math. 24 (1976) 338. 

[60] M. C. Baldiotti, R. Fresneda and D. M. Gitman, Quantization of the damped harmonic oscillator 
revisited, Phys. Lett. A 375 (2011) 1630, [arXiv:1005.4096|. 


46 


